COHOMOLOGY THEORY IN 2-CATEGORIES 



HIROYUKI NAKAOKA 



Abstract. Recently, symmetric categorical groups are used for the 
study of the Brauer groups of symmetric monoidal categories. As a 
part of these efforts, some algebraic structures of the 2-category of sym- 
metric categorical groups SCG are being investigated. In this paper, we 
consider a 2-categorical analogue of an abelian category, in such a way 
that it contains SCG as an example. As a main theorem, we construct 
a long cohomology 2-exact sequence from any extension of complexes in 
such a 2-category. Our axiomatic and self-dual definition will enable us 
to simplify the proofs, by analogy with abelian categories. 



1. Introduction 

In 1970s, B. Pareigis started his study on the Brauer groups of symmetric 
monoidal categories in [6]. Around 2000, the notion of symmetric categorical 
groups are introduced to this study by E. M. Vitale in [9] (see also [8]). By 
definition, a symmetric categorical group is a categorification of an abelian 
group, and in this sense the 2-category of symmetric categorical groups SCG 
can be regarded as a 2-dimensional analogue of the category Ab of abelian 
groups. As such, SCG and its variants (e.g. 2-category G-SMod of symmetric 
categorical groups with G-action where G is a fixed categorical group) admit 
a 2-dimensional analogue of the homological algebra in Ab. 

For example, E. M. Vitale constructed for any monoidal functor F : C ^ D 
between symmetric monoidal categories C and D, a 2-exact sequence of Picard 
and Brauer categorical groups 

P{C) r{B) -^T^ B{C) B{C). 

By taking ttq and tti , we can induce the well-known Picard-Brauer and Unit- 
Picard exact sequences of abelian groups respectively. In [7 , A. del Ri'o, 
J. Martfnez-Moreno and E. M. Vitale defined a more subtle notion of the 
relative 2-exactness, and succeeded in constructing a cohomology long 2-exact 
sequence from any short relatively 2-exact sequence of complexes in SCG. In 
this paper, we consider a 2-categorical analogue of an abelian category, in 
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such a way that it contains SCG as an example, so as to treat SCG and their 
variants in a more abstract, unified way. 

In section [21 we review general definitions in a 2-category and properties of 
SCG, with simple comments. In section[3l we define the notion of a relatively 
exact 2-category as a generalization of SCG, also as a 2-dimensional analogue 
of an abelian category. We try to make the homological algebra in SCG 
([7|) work well in this general 2-category. It will be worthy to note that our 
definition of a relatively exact 2-category is self-dual. 
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relatively exact 2-category, which will make several diagram lemmas more easy 
to handle. In any abelian category, any morphism / can be written in the 
form f = eom (uniquely up to an isomorphism), where e is epimorphic and m 
is monomorphic. As a 2-dimensional analogue, we show that any 1-cell / in a 
relatively exact 2-category S admits the following two ways of factorization: 

(1) i o m => / where i is fully cofaithful and m is faithful. 

(2) e o j =^ / where e is cofaithful and j is fully faithful. 

(In the case of SCG, see [3].) In section [SJ complexes in S and the relative 2- 
exactness arc defined, generalizing those in SCG ([7]). Since we start from the 
self-dual definition, we can make good use of duality in the proofs. In section 
[6l as a main theorem, we construct a long cohomology 2-exact sequence from 
any short relatively 2-exact sequence (i.e. an extension) of complexes. Our 
proof is purely diagrammatic, and is an analogy of that for an abelian category. 
In section [5] and [6l several 2-dimensional diagram lemmas are shown. Most 
of them have 1-dimensional analogues in an abelian category, so we only have 
to be careful about the compatibility of 2-cells. 

Since SCG is an example of a relatively exact 2-category, we expect some 
other 2-categories constructed from SCG will be a relatively exact 2-category. 
For example, G-SMod, SCG x SCG and the 2-category of bifunctors from 
SCG are candidates. We will examine such examples in forthcoming papers. 



2. Preliminaries 

Definitions in a 2-category. 



Notation 2.1. Throughout this paper, S denotes a 2-category (in the strict 
sense). We use the following notation. 

S*', S^, S'^ : class of 0- cells, 1-cells, and 2-cells in S, respectively. 
S^{A,B) : 1-cells from A to B, where A, B e S°. 

S^(/, g) : 2-cells from f to g, where f,g ^ S^{A,B) for certain A,B^S'^. 
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S{A,B) : Rom- category between A and B {i.e. Oh{S{A, B)) = S'^{A,B), 
S(A,S)(/,5) = S2(/,g)). 

In diagrams, — > represents a 1-cell, =^ represents a 2-cell, o represents 
a horizontal composition, and ■ represents a vertical composition. We use 
capital letters A, B, . . . for 0-cells, small letters f,g,... for 1-cells, and Greek 
symbols a, (3, . . . for 2-cells. 

For example, one of the conditions in the definition of a 2-category can be 
written as foUows (see for example [3]): 

Remark 2.2. For any diagram in S 

/l 91 

A <^\^ 5/4 C , 

we have 

(2.1) (/io/3)-(ao52) = (ao5i)-(/2 0/3). 

(Note: composition is always written diagrammatically.) 
This equality is frequently used in later arguments. 

Products, puUbacks, difference kernels and their duals are defined by the 
universality 

Definition 2.3. For any Ai and A2 E S'^, their product {Ai x ^2,^1,^2) is 
defined as follows: 

(a) ^1 X A2 G 8°, p, e Si(Ai X A2,A,) (z = 1,2). 
(bl) (existence of a factorization) 

For any X G S" and q, e S^{X, A,) {i = 1, 2), there exist q G S^{X, A1XA2) 
and G S'^{qopi,qi) {i = 1,2). 




(b2) (uniqueness of the factorization) 

For any factorizations {q,^i,^2) and ('?',Cii?2) which satisfy (bl), there 
exists a unique 2-cell ry G S^(g, q') such that (77 o pj) • ~ [i — 1, 2). 



qop, > q' o p. 



qi 
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The coproduct of Aiand A2 is defined dually. 

Definition 2.4. For any Ai,A2,B € S° and fi G S^{Ai,B) {i = 1,2), the 
puUback (^1 A2, f{, f2,0 of /i and /2 is defined as follows: 

(a) A, xb A2 e 8°, /{ e Si(Ai xb ^2,^2), e SH^i xs ^2,^1), ^ e 

, A2 



AIXBA2 I? B 



/2 



Ai 



(bl) (existence of a factorization) 

For any X e 8°, e 31(^,^2), 52 e Si(X,Ai) and G 82(^1 0/2,52 o 
/i), there exist g £ Si(X,Ai x ^2),^, G 8^(5 o //, g^) (i = 1,2) such that 
(6 0/2) ■ 




5 o o /2 
9°f2°fl 



■ 5i o /2 

I. 



S20/l 



>92° fl 



(b2) (uniqueness of the factorization) 

For any factorizations (3,^1,^2) and (g',Ci:^2) which satisfy (bl), there 
exists a unique 2-cell ( G 8^(3, .g') such that (( o //) • ^- = (i = 1, 2). 

The pushout of f, G S^{A, B.,) {i = 1, 2) is defined dually. 

Definition 2.5. For any A, B G 8" and f,9iz S^{A, B), the difference kernel 

(DK(/,5(),d(/,3),(p(/,3)) 

of / and g is defined as follows: 

(a) DK(/,5) e 8°, e Si(DK(/,5),A), <^(/,,) G S2(d(/,,) o /, o 5). 



DK(/,5) 



Hf,9) 



:b, dk(/,5) m.,)^ 



(bl) (existence of a factorization) 

For any X G 8°, d G 8^(X, A), ip G 82(d o /, o g), there exist d G 
Si(X,DK(/,g)),^ G 82(dod(^.g),d) such that (doi^y-g)) • (^05) = {(£of)-ip. 
(b2) (uniqueness of the factorization) 

For any factorizations (d, ip) and {d!_, ip') which satisfy (bl), there exists a 
unique 2-cell rj G 8^(^,0?^) such that (77 o df^f^g^) ■ tp' = ip. 
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The difference cokernel of / and g is defined dually. 
The following definition is from [2J. 

Definition 2.6. Let / G S^{A,B). 

(1) / is said to be faithful if := - o / : S^{C, A) S^{C, B) is faithful for 
any C £ 8°. 

(2) / is said to be fully faithful if f is fully faithful for any C G S". 

(3) / is said to be cofaithful if /« := / o - : S^{B, C) ^^{A, C) is faithful 
for any C G S^. 

(4) / is said to be fully cofaithful if is fully faithful for any C G S°. 
Properties of SCG. 

By definition, a symmetric categorical group is a symmetric monoidal cat- 
egory (G, ®, 0), in which each arrow is an isomorphism and each object has 
an inverse up to an equivalence with respect to the tensor (g). More precisely; 

Definition 2.7. A symmetric categorical group (G, §5, 0) consists of 
(al) a category G 

(a2) a tensor functor ® : G x G ^ G 
(a3) a unit object G Ob(G) 
(a4) natural isomorphisms 



\a ■■ ® A A, PA - A®{) A, -iA,B : A® B ^ B ® A 

which satisfy certain compatibility conditions (cf. 5j), and the following two 
conditions are satisfied: 

(bl) For any A, B G Ob(G) and / G G(A,S), there exists g G G(B,^) such 
that f og = idA, g° f ^ ids- 

(b2) For any A G Ob(G), there exist A* G Ob(G) and 77^ G G(0, A ® A*). 

In particular, there is a 'zero categorical group' 0, which consists of only 
one object and one morphism ido- 

Definition 2.8. For symmetric categorical groups G and H, a monoidal func- 
tor F from G to H consists of 
(al) a functor F : G ^ H 
(a2) natural isomorphisms 

Fa,b ■■ F{A B) F{A) ® F{B) and F/ : F{0) 

which satisfy certain compatibilities with a, A, p, 7. (cf. [5]) 

Remark 2.9. For any monoidal functors F : G ^ H and G : H ^ IK, their 
composition F o G : G ^ K is defined by 



aA,B,c : ^ ® (B (g) G) ^ (A ® B) (X) G, 



(2.2) 
(2.3) 



{FoG)a,b 
{F o G)i 



G{Fa,b) o Gf(a),f(b) 
G{Fi) o Gi. 
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In particular, there is a 'zero monoidal functor' Og,ii : G ^ H for each G 
and H, which sends every object in G to Oh, every arrow in G to idoj,, and 
(Og,h)a.s = = (Og.h)/ = ido- It is easy to see that Og.hoOh.k = Og,k 
(VG,H,K). 

Remark 2.10. Our notion of a monoidal functor is equal to that of a '7- 
monoidal functor' in [7j. 

Definition 2.11. For monoidal functors i^, G : G ^ H, a natural transfor- 
mation If from to G is said to be a monoidal transformation if it satisfies 

'Pa^boGa.b = Fa,b ° iv'A ® Vb) 
(2.4) Fi = fooGi. 

The following remark is from 9 . 

Remark 2.12. By condition (b2), it is shown that there exists a 2-cell ea S 
G(^* (g) A, 0) for each object A, such that the following compositions are 
identities: 

A — >0®A — > {A'SiA*)'SA — > AiSiiA* i^A) — > A^^O — > A 

Va<S)1 ligiEA PA 

A* — ^ A* (g)0 — > A* (g) {A (g) A*) — > {A* (g) A) (g) A* — > Og)A* — > A* 

For each monoidal functor _F : G ^ H, there exists a natural morphism 
iF,A-FiA*)^FiA)*. 

Definition 2.13. SCG is defined to be the 2-category whose 0-cells are 
symmetric categorical groups, 1-cells are monoidal functors, and 2-cells are 
monoidal transformations. 

The following two propositions are satisfied in SCG (see for example jT]). 

Proposition 2.14. For any symmetric categorical groups G and H, if we 
define a monoidal functor F g)GM G : G by 

F^GMGiA) := F{A)g)uG{A) 

{Fg,G,nG)A,B ■■= {F{Ag,B)g,G{Ag,B) 

Fa.b^a.b p^^^ ^ p^^^ ^ ^^^^ ^ ^^^^ 

^ F{A)g)G{A)g)F{B)g)G{Bj) 
{F(gGMG)i iFiI)®G{I)^'^' I(gl -^I), 

then (SCG(G, H), (8)G,H, Og,hi) becomes again a symmetric categorical group 
with appropriately defined a, X, p,^, and 

Hom SCG(-, -) : SCG x SCG ^ SCG 

becomes a 2- functor {cf. section 6 in [T|). 



COHOMOLOGY THEORY IN 2-CATEGORIES 



7 



In SCG, by definition of the zero categorical group we have S^(G,0) = 
{Og,o}, while S^(0, G) may have more than one objects. In this point SCG 
might be said to have 'non self-dual' structure, but S^(G, 0) and S^(0, G) have 
the following 'self-dual' property. 

Remark 2.15. (1) For any symmetric categorical group G and any monoidal 
functor F : G — > 0, there exists a unique 2-cell (p : F =^ Og,o- 

(2) For any symmetric categorical group G and any monoidal functor F : 
^ G, there exists a unique 2-cell (p : F =^ Oo,g- 

Proof. (1) follows from the fact that the zero categorical group has only one 
morphism ido. (2) follows from condition (|2.4p in Definition [27TTJ □ 

The usual compatibility arguments show the following Lemma. 
Lemma 2.16. Let F : G ^ M be a monoidal functor. For any A, B E Ob(G), 

^A,B-- G{A,B) ^G{A(E)B*,0) 



UJ 



UJ 



*A,s : G(A® B*,0) 

UJ 

51 



■G{A,B) 



UJ 



■ Pa^ ° (1a ® Sg^) o a^_^,_^ o{g® Ib) o \i 



are mutually inverse, and the following diagram is commutative] 



G{A,B) 



miF{A),F{B)) 



■G(A® B*,0) 

F 

H(F(A®B*),F(0)), 



m{F{A) (E) F{B)*,0) 



where g is defined by 

e'A,B- M{F{A®B*),F{0)) 



UJ 

hh 



^ W{F{A) F{B)*,0) 

UJ 

(1f(A) ® i^y^) ° iPA,B' )-^oho Fi 
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3. Definition of a relatively exact 2-category 
Locally SCG 2-category. 

We define a locally SCG 2-category not only as a 2-category whose Horn- 
categories are SCG, but with some more conditions, in order to let it be a 
2-dimensional analogue of that of an additive category. 

Definition 3.1. A locally small 2-category S is said to be locally SCG if the 
following conditions are satisfied: 

(Al) For every A,B<eS°, there is a given functor ®a,b ■ S(A, B) x S{A, B) ^ 
S(^, S), and a given object Qa,b e Ob(S(A, S)) &^{A,B) such that 
{^{A, B),®a,b,^a,b) becomes a symmetric categorical group, and the fol- 
lowing naturality conditions are satisfied: 

Oa.boOb^c^Oac (VA,S,CeS") 

(A2) Hom = S(— , — ) : S X S — > SCG is a 2-functor which satisfies for any 
A,B,Cc, 

(3.1) {Oa,b)\ =ido^,e e S2(0ac,0a,c) 

(3.2) {Oa,b)\ =idoc,B e S2(0c,i3,0c,i3). 

(A3) There is a 0-cell G S° called a zero object, which satisfy the following 
conditions: 

(a3-l) S(0, 0) is the zero categorical group. 

(a3-2) For any A G S° and / e 8^(0,^), there exists a unique 2-cell Of G 
S2(/,0o,a). 

(a3-3) For any A G and / G S^(yl, 0), there exists a unique 2-cell Tf G 
S2(/,0^,o). 

(A4) For any A,B^ S*^, their product and coproduct exist. 

Let us explain about these conditions. 

Remark 3.2. By condition (Al) of Definition 13. 11 every 2-cell in a locally SCG 
2-category becomes invertible, as in the case of SCG (cf. [9|). This helps us 
to avoid being fussy about the directions of 2-cells in many propositions and 
lemmas, and we use the word 'dual' simply to reverse 1-cells. 



Remark 3.3. By condition (A2) in Definition 13.11 

/» :- fo-:S{B,C)^S{A,C) 
f := -of:S{C,A)^S{C,B) 

are monoidal functors (VC G S*^) for any / G S^{A,B), and the following 
naturality conditions are satisfied: 

(a2-l) For any / G S^{A,B),g G S\B,C) and D G S°, we have (/ o g)^ = 
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5" o /I* as monoidal functors. 



S(C, D) — ^S(B,£i) 



/ 9 
A — —^B 

(fog)' 



SiA,D) 



(a2-2) The dual of (a2-l) for -^ 

(a2-3) For any / G S^{A,B),g £ S^{C,D), we have /" o 5^ = o /» as 
monoidal functors. 



S(S,C) — ^S(A, C) 



/ 5 

A -^B — -^D 



SiB,D)^^S{A,D) 



Since already {fog)^ = g^of'^ as functors, (a2-l) means {fog)\ = {g'^°P)i, 
and by (|2.3p in Remark 12.91 this is equivalent to 

Similarly, we obtain 

(3.3) (fog)) ^{f\og).g\, 

(3.4) U\og)-g\ ={fog\).fj. 

Remark 3.4. By condition (A2), for any f,g e S^{A, B) and any a G S^(/, 5), 
a o — : ^ becomes a monoidal transformation. So, the diagrams 

ao(k®h) aoOfi c ^ 

fo{k®h) > go{k®h) f o Ob.c 9 ° Ob,c 



are commutative for any C G and k,h E S^{B, C). Similar statement also 
holds for — o a : ^ g^ . 

Corollary 3.5. In a locally SCG 2-category S, the following are satisfied: 
(1) For any diagram in S 

h f 

Oc.A 9 

we have 

(3.5) hoa = {eof).flg'f^.{e-'og). 
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(2) For any diagram in S 

/ h 

9 Ob,c 

we have 

(3.6) aoh = {foe)-flg\-'-{goe-'). 

(3) For any diagram in S 

/ 9 

Oa,b Ob,c 

we have 

(3.7) ifoP)-fj = {aog).g\. 

Proof. (1) ihoa)^ieof).{Oc^Aoa)-{e-^og)^{eof).flg)-^.{e-^og). 
(2) is the dual of (1). And (3) follows from (EU, (EH)- □ 

Remark 3.6. We don't require a locally SCG 2-category to satisfy S^(A, 0) = 
{Oa.o}, for the sake of duality (see the comments before Remark |2.1 51 ). 

Relatively exact 2-category. 

Definition 3.7. Let S be a locally SCG 2-category. S is said to be relatively 
exact if the following conditions are satisfied: 

(Bl) For any 1-cell / G S^(A, B), its kernel and cokernel exist. 

(B2) For any 1-cell / e S^{A, B), f is faithful if and only if / = ker(cok(/)). 

(B3) For any 1-cell / e S^{A,B), f is cofaithful if and only if / = 
cok(ker((7)). 

It is shown in [3] that SCG satisfies these conditions. 

Let us explain about these conditions. 

Definition 3.8. Let S be a locally SCG 2-category. For any / e S^(A, B), its 
kernel (Ker(/), ker(/), £j) is defined by universality as follows (we abbreviate 
ker(/) to fc(/)) : 

(a) Ker(/) £ 8°, fc(/) e Si(Ker(/), A), Sf £ S^kif) o /, 0). 
(bl) (existence of a factorization) 
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For any K e S°, k e S^{K,A) and e £ S2(fc o /,0), there exist k G 
Si(/^,Ker(/)) ande e S^{kok{f),k) such that (e o /) • e = (fc o e^:) • (fc)J. 




Ker(/) 



(b2) (uniqueness of the factorization) 

For any factorizations (fc, e) and {k\e') which satisfy (bl), there exists a 
unique 2-ceU ^ G S2(fc, fc') such that o k{f)) ■ e' = e. 

Remark 3.9. (1) By its universaUty, the kernel of / is unique up to an equiv- 
alence. We write this equivalence class again Ker(/) = [Ker(/), fc(/),e/]. 
(2) It is also easy to see that if / and /' are equivalent, then 

[Ker(/),fc(/),e/] = [Kcr(/'),fc(/'),£/']- 
For any /, its cokernel Cok(/) = [Cok(/), c(/), tt/] is defined dually, and 
the dual statements also hold for the cokernel. 

Remark 3.10. Let S be a locally SCG 2-category, and let / be in S^{A,B). 
For any pair {k,s) with k e 8^(0, ^), e G S^iko f,0) 




and for any pair {k',e') with k' G S^{0,A),e' G S^(fc o /, 0), there exists a 
unique 2-ceU £_ G S'^{k, k') such that {£, o f) ■ e' = e. 

Proof. By condition (a3-2) of Definition 13. 11 e & S'^{ko f, 0) must be equal to 
the unique 2-cell {9k °f)-f\- Similarly we have e' = {9k' of)-f\^ and, ^ should 
be the unique 2-ceU 9k ■ 9-,^ G 32 (fc, k'), which satisfies o /) ■ e' = e. □ 

From this, it makes no ambiguity if we abbreviate Ker(/) — [0, Oo,a, //] to 
Ker(/) = 0, because [0, fc,e] — [0,k',e'] for any {k,e) and Dually, we 

abbreviate Cok(/) = [0,0am, fj] to Cok(/) ^ 0. 

By using condition (A3) of Definition 13. 1[ we can show the following easily: 

Example 3.11. (1) For any A G S°, Ker(OA.o : A ^ 0) = [A,idA,ido]. 
(2) For any A G 8°, Cok(Oo,A : ^ A) = [A,idA,ido]. 

Caution 3.12. (1) Ker(Oo.A '. ^ A) need not be equivalent to 0. Indeed, in 
the case of SCG, for any symmetric categorical group Gr, Ker(Oo.G : — > G) 
is equivalent to an important invariant tti (G) [0] . 
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(2) Cok(OA,o '■ A ^ 0) need not be equivalent to either. In the case of 
SCG, Cok(OG,o : G ^ 0) is equivalent to 7ro(G)[l]. 



Remark 3.13. The precise meaning of condition (B2) in Definition 13. 71 is that, 
for any 1-cell / G S^{A,B) and its cokernel [Cok(/), cok(/), tt/], / is faithful 
if and only if Ker(cok(/)) = [A, f, tt/]. Similarly for condition (B3). 

Relative (co-)kernel and first properties of a relatively exact 2-category. 

Throughout this subsection, S is a relatively exact 2-category. 
Definition 3.14. For any diagram in S 




(3.8) 

its relative kernel (Ker(/, (^), ker(/, (p), e(/,i^)) is defined as follows (we abbre- 
viate ker(/, ip) to k{f, ip)) : 

(a) Ker(/,^) e S", fc(/,^) e Si(Ker(/, ^), A), £(/,^) G S2(fc(/, ^) o /, 0). 
(bO) (compatibility of the 2-cells) 

£(/_^) is compatible with ip i.e. {k{f, (p) o ip) ■ k{f, ip)] = (£(/,^) o g) ■ 9\- 
(bl) (existence of a factorization) 

For any K e , k £ S^{K,A) and e e ^"^{k o /, 0) which are compatible 
with i.e. {k o ip) ■ k\ = {e o g) ■ g^j^ there exist k G S^(i4r, Ker(/, ip)) and 
EG S^(fc o fc(/, (p),k) such that {eof)-e = {ko £[f^^)) ■ 




(b2) (uniqueness of the factorization) 

For any factorizations (fc, e) and (fc',e') which satisfy (bl), there exists a 
unique 2-ceU ^ G S^(fc, fc') such that (^ ° k{f , ip)) ■ e' = e. 

Remark 3.15. By its universality, the relative kernel of (/, ip) is unique up to 
an equivalence. We write this equivalence class [Ker(/, i^), /c(/, </?), £(j ,^)]. 

Definition 3.16. Let S be a relatively exact 2-category. For any diagram 
p.Sp in S, its relative cokernel (Cok((7, (^), cok(g, (^), 7r(g i^)) is defined dually 
by universality. We abbreviate cok(g, ip) to c{g, ip), and write the equivalence 
class of the relative cokernel [G6k{g, Lp),c{g, tp), T^(g,^)]- 
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Caution 3.17. In the rest of this paper, S denotes a relatively exact 2- 
category, unless otherwise specified. In the following propositions and lemmas, 
we often omit the statement and the proof of their duals. Each term should 
be replaced by its dual. For example, kernel and cokernel, faithfulness and 
cofaithfulness are mutually dual. 

Remark 3.18. By using condition (A3) of Definition 13.11 we can show the 
following easily. (These are also corollaries of Proposition 13 . 201 ) 
(1) Ker(/, /|) = Ker(/) (and thus the ordinary kernel can be regarded as a 
relative kernel). 












(2) ker(/, if) is faithful. 

Lemma 3.19. Let f e S'^{A,B) and take its kernel [Ker(/), A:(/), e/]. // 
i^G SO, k eS^{K,KeT{f)) and a e S^{k o k{f),0) 








is compatible with Sf, i.e. if a satisfies 

(3.9) (fTo/)./) = (fcoe/).fcJ, 

then there exists a unique 2-cell C, G S^(fc,0) such that ct = (C o k{f)) ■ k{f)\. 

Proof. By (|3.9p . a : kok{f) =^ is a factorization compatible with e/ and /j. 
On the other hand, by Remark l3.41 k{f)\ : o fc(/) is also a factorization 
compatible with ej, fj. So, by the universality of the kernel, there exists a 
unique 2-ceU ( & S2(fc, 0) such that cr = (C o fc(/)) • k{f fj. □ 

It is easy to see that the same statement also holds for relative (co-)kernels. 
In any relatively exact 2-category, the relative (co-)kernel always exist. More 
precisely, the following proposition holds. 

Proposition 3.20. Consider diagram l\3.8^ in S. By the universality of 
Ker(f;) — [Ker{g), i, e], f factors through £ uniquely up to an equivalence as 
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ip: j^o£=^ f, where I e S^{A,Kei{g)) and ipe S2(/o£,/) : 

Ker(g) 

4 

(/oe)-(/)} = (^°5)-'/' 



Ker(/) 

Then we have Kcr(/, ip) = [Ker(/), fc(/), 77], where 77 := (fc(/) o ip^^) • (e/ o • 
e S2(fc(/) o /, 0). H^e abbreviate this to Ker(/, (^) = Kcr7/). 

Proof. For any if £ S*^, /c G S^(if, A) and ct £ S^(fc o /, 0) which are compat- 
ible with ip, i.e. (cr o (7) • = (fc o (p) • fcj, if we put 

p:^{koip)-a£ S2(fc 0/0^,0), 
then p is compatible with e. By Lemma fS-lQl there exists a 2-cell ( : kof ^ 
such that p = (C ° ^) • So, by the universality of Ker(/), there exist 
k€S\K, Ker(/)) and ct S S2(fc o fc(/), fc) such that {ao f) ■ ( = {ko ef) ■ {k)\. 
Then, a is compatible with a and 77, 




Ker(/) 



and the existence of a factorization is shown. To show the uniqueness of the 
factorization, let {k\a') be another factorization which is compatible with a, 
77, i.e. {g!of)-a = (fc'o77)-(fc')i- Then, by using 7/ = {k{f)oe-^)-{efoe)-l\ and 
C o £ = p • £^-1 = (fc o e) • fj • \ we can show ( (ct' o /) • C) o £ = ( (fc' o ej) • (fc')/) ° ^■ 
Since £ is faithful, we obtain {{o_'of )-() — (fc'o£/)-(A;')j. Thus, a' is compatible 
with C and £/. By the universality of Ker(/), there exists a 2-cell ^ S S^(fc, A:') 
such that o fc(/)) ■ ct' = ct- Uniqueness of such ^ e S^(A;, fc') follows from the 
faithfulness of fc(/). □ 

Proposition 3.21. Let f E S^{A,B), g G S^{B,C) and suppose g is fully 
faithful. Then, Ker(/ o g) = [Ker(/), /c(/), (e/ o (7) • (7^] . We abbreviate this to 
Ker(/o.g) =Ker(/). 

Proof Since g is fully faithful, for any K eS°,ke S^{K,A) and a e S'^{k o 
f o g, 0), there exists p £ S^(A; o /, 0) such that ct = {p ° g) • g\. And by the 
universality of Ker(/), there are k S S^(if, Ker(/)) and a G S^(fc o /c(/), fc) 
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such that {g_o f) ■ p — {kosf)- (}£)\- Then, it can be easily seen that g_ is 
compatible with a and [sf ° g) ■ g\'- 



{ao f o g) ■ a = {ko {{sf o g) ■ g^)) ■ {k)\ 



Ker(/) 




Thus we obtain a desired factorization. To show the uniqueness of the factor- 
ization, let (fc',o;') be another factorization of k which satisfies 

{alofog).a^{Mo{{efOg).g])).{g)\ 

Then, we can show ct' is compatible with p and £/. By the universality 
of Ker(/), there exists a 2-cell ^ € S2(fc,^') such that {£, o fc(/)) ■ ct' = ct. 
Uniqueness of such ^ follows from the faithfulness of k{f). □ 

By definition, / G S^(A, B) is faithful (resp. fully faithful) if and only if 
— of: S^{g, ft,) (5 o /, ft, o /) is injective (resp. bijective) for any e S° 
and any g, h e S^{K, A). Concerning this, we have the following lemma. 

Lemma 3.22. Let f e S^{A,B). 

(1) / is faithful if and only if for any K € S'^ and k £ S^(K,A), 

— of: S^(fc, 0) ^ S^(fc o /, o /) is injective. 

(2) / is fully faithful if and only if for any K G S*^ and k G S^(_ftr, A), 

- o / : S2(fc, 0) S2(fc o /, o /) is bijective. 

Proof. By Lemma 12.161 we have the following commutative diagram for any 
g,heS^{K,A): 



SHg,h) 



bij. 



■S2(5® ft*,0) 



of 



SHgof,hof) 



S'((ff®ft*)o/,Oo/) 



'^gof.hof 



bij. 



bij. 



S2((go/)®(fto/)*,0) 
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So we have 

— o f : S'^{g,h) ~i S^{g o f^h o /) is injective (resp.bij active) 
<^ - o / : S^(5 (g) /i*, 0) ^ S^((5 (g) /i*) o /, o /) is injective (resp.bijective). 

□ 

Corollary 3.23. For any f e 8^(^4,5), / is faithful if and only if the fol- 
lowing condition is satisfied: 

(3.10) ao/ = idoo/ ^a = ido (Vi^ £ S", Va G S2(0x,A, Ok,a)) 

Proof. If / is faithful, p.lOp is trivially satisfied, since we have idoo/ — ido o /■ 
To show the other implication, by Lemma r3.22l it suffices to show that —of: 
S^(fc, 0) ^ S^(fc o /, o /) is injective. For any ai,a2 G S^(fc, 0) which satisfy 
ai o/ = Q2 o /, we have • a2) ° f = (o^i ° /)^^ ■ (0^2 ° f) = idoo/. From 
the assumption we obtain Oj^^ • a2 = ido, i-C ai = a2- n 

The next corollary immediately follows from Lemma 13.221 

Corollary 3.24. For any f e S^{A,B), f is fully faithful if and only if for 
any K G S*^, k G S^{K,A), and any a G S^(fc o /, 0), there exists unique 
T G S2(fc,0) SMc/i f/iat CT = (r o /) • /). 

Corollary 3.25. For any f G S^(j4, _B), t/ie following are equivalent: 

(1) / is fully faithful. 

(2) Ker(/) = 0. 

Proo/. (1)^(2) 

Since / is fully faithful, for any k G S^{K,A) and e G S^(fc o /, 0), there 
exists a 2-cen e G 8^(0^,^,^) such that (eo/) = {Oo f\)-o\-s-^ = (Oo/))-e-i, 
and the existence of a factorization is shown. To show the uniqueness of the 
factorization, it suffices to show that for any other factorization (fc',e') with 
(e' ° /) • e = ik' ° //) • (fc')/: the unique 2-ceU r G S2(fc',0) (see condition 
(a3-2) in Definition 13. ip satisfies (t o 0) • e = e'. Since / is faithful, this is 
equivalent to (t o o /) • (e o /) • e = {e' o f) ■ e, and this follows easily from 
T o = (r o 0) • = (fc')/ and (r o o /) • (0 o /)) = (fc' o /)) • (t o 0). (see 
Corollary [331) 

(2)=»(1) Since Ker(/) = [0,0,/)], for any if G 8°, fc G S^{K,A) and any 
o- G S2(fc o /,0), there exist fc G Si(ii:,0) and a G S2(fc o 0, fc) such that 
(a: o /) ■ (7 = (fc o /)) ■ {k)\. Thus r := ct"! ■ fc^ satisfies = (t o /) • 
If there exists another r' G S^(fc,0) satisfying cr = (t' o /) • /), then by the 
universality of the kernel, there exists v G S^(fc, 0) such that (voO) ■ r'^^ = t. 
Since w o = fc ' by p.7p . we obtain t = t' . Thus r is uniquely determined. 

□ 
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Proposition 3.26. For any f e S^{A,B), the following are equivalent. 

(1) / is an equivalence. 

(2) / is cofaithful and fully faithful. 

(3) / is faithful and fully cofaithful. 

Proof Since (1)<^(3) is the dual of (1)4=>(2), we show only (1)<^(2). 

(1) ^(2) : trivial. 

(2) =>(1) : Since / is cofaithful, we have / = cok(ker(/)), Cok(fc(/)) = 
[S, /,£/]. On the other hand, since / is fully faithful, we have Ker(/) = 
[0,0, /j], and so we have Cok(fc(/)) = [A, id^,ido]. And by the uniqueness 
(up to an equivalence) of the cokernel, there is an equivalence from A to B, 
which is equivalent to /. Thus, / becomes an equivalence. 



=lcquiv. 




Lemma 3.27. Let f : A ^ B be a faithful 1-cell in S. Then, for 
and k e S^{K,Q), we have S'^{k o Oo,Ker{f),OK,Ker(f)) = {^/l- 



□ 



K,Kor(/) 




0,Kor(/) 



Ker(/) 



Proof For any o- G S2(fcoOo,Kcr(/), Oif,Kcr(/)), wc can show {{(Tok{f))-k{f Yj)o 
f ={{ko k{f)\) ■ k\) o f. By the faithfulness of /, we have {a o fc(/)) • k{f)^j = 
(k o • Aij. Thus, we have a o k{f) = fcj o k{f). By the faithfulness of 

k{f), we obtain cr = fc'. □ 

Corollary 3.28. f : A ^ B is faithful if and only i/Ker(Oo,A, //) = 0. 

Proof. Since there is a factorization diagram with (Oo,Ker(/) °^f)' (Oo,Ker(/) )/ = 

{m\of)-f\ 

Ker(/) ■ 

On 



UO,Ker(/) 
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(see (a3-2) in Definition l3.1|) we have Ker(Oo,A, //) = Kcr(Oo,Kcr(/)) by Propo- 
sition [32D1 So, it sufBces to show Ker(Oo,Kcr(/)) — 0. For any iiT e S° and 
k € S^{K,0), we have S^(fc o Oo,Kcr(/)) Oif_Ker(/)) — by the Lemma [3.271 
So Oo,Kcr(/) becomes fully faithful, and thus Ker(Oo,Kor(/)) — 0. 

Conversely, assume Ker(Oo,A, //) = 0. For any X e S° and a G S^{Ok,a, ^k,a) 
satisfying a o f = idoo/, we show a — idp fCorollarv l3.23p . 




So there exist k 6 S^{K,0) and e G S'^(fc o ido,Oif^o) satisfying 

(e o Oo,yi) • a = (fc o ido) • fcj. 
Since e o Oo,yi — k\ by (|3.ip and (|3.6p . we obtain a = ido. D 



In any relatively exact 2-category S, the difference kernel of any pair of 
1-cells g,h : A ~* B always exists. More precisely, we have the following 
proposition: 

Proposition 3.29. For any g,h G S^{A,B), if we take the kernel Ker{g (g) 
h*) ^ [Ker(5 (E) h*),k,e] of g ^ h* and put e := •^kog,koh{Qg]hi^ ■ k\~^)) G 
S^{k o g^k o h), then (Ker^g (8) /i*), k, e) is the difference kernel of g and h. 

Proof. For any iiT G S° and £ G S^{K,A), there exists a natural isomorphism 
(Lemma Umi) 

S^{i o{g(E) h*),0) *- S2(^ o 5, £ o h) 

^ I ^ ^iogjoUel\ia ■ 4)). 

So, to give a 2-cell a G S^{£o{g^h*), 0) is equivalent to give a 2-cell a G S^(£o 
g,£oh). And, by using Remark l3.4l and Corollarv l3.5[ the usual compatibility 
argument shows the proposition. □ 

In any relatively exact 2-category S, the puUback of any pair of morphisms 
fi : Ai ^ B {i — 1,2) always exists. More precisely, we have the following 
proposition: 
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Proposition 3.30. For any fi G S^{Ai,B) (1 = 1,2), if we take the product 
of Ai and A2 {Ai x A2,pi,p2), and take the difference kernel {D,d,ip) of 
pi o fi and p2 o /a 



Pio/l 



D- 



■A1XA2 




P20/2 







< 


f 




D 








dop2 


A2 


< 



B 



then, (D, d o pi^ d o p2, If) is the puUback of fi and /2. 

of condition (bl) (in Definition \2.4\ )- For any X E S*^, g,; e S^(X, A^) (i = 
1,2) and ij S 8^(51 o fi,g2 o /2), by the universality of Ai x A2, there exist 
5 £ S^{X,Ai XA2) and e S^{dopi, g^) (i = 1,2). Applying the universality 
of the difference kernel to the 2-cell 



(3.11) 



C := (€1 ° /i) • ?y • (^2 ^ ° /2) e 8^(3 opi o /i,go_p2 o /2), 



we see there exist g G S^(X, Z?) and C, G S^(g o d, g) 
X 

Pio/l 



(3.12) 

such that 
(3.13) 



D- 



Ai X A2 



■ B 



P20/2 



{9°V)-{C°P2° /2) = (C O Pi O /l) • C- 

By (I3II1) and (ISI31), we have (ffo<^).(((Cop2)-e2)o/2) = (((Copi)-a)o/i)-^, 
and thus condition (bl) is satisfied. 

(Copi)-?i 




(C0P2)-6 

proof of condition (b2) 

If we take h G S^(X, D) and 77; G S^{h o d o pi,gi) {i = 1, 2) which satisfy 
{h o if) ■ {ri2 o f2) = (r/i o fi) ■ rj, then by the universality of Ai x A2, there 
exists a unique 2-cell k G S^(/i o d, g) such that 

(3.14) (/top,).f, =77, (2 = 1,2). 
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Then, k becomes compatible with Lp and C, i.e. {h o ip) ■ o p2 o = 
{Kopio fi) ■ (. So, comparing this with factorization ()3.12|) . by the universaHty 
of the difference kernel, we see there exists a unique 2-cell x G ^^{h,g) which 
satisfies 

(3.15) (xod).C-/t 

Then we have (x ° ° Pj) ' (C ° Pi) ■ d = {i^ ° Pi) ■ ^i = Vi = 1; 2). Thus x 
is the desired 2-cell in condition (b2), and the uniqueness of such a x follows 
from the uniqueness of k and x which satisfy (|3.14p and (|3.15[) . 

By the universality of the puUback, we have the following remark: 

Remark 3.31. Let 

A2 



a 



(3.16) 



Ai xb A2 



f2 



f: 



B 



fi 



be a pull-back diagram. Then, for any K e S'^, g,h E S^{K, Ai Xb A2) and 
a,/3 e S'^{g,h), we have 

«°/; = /3o/; (* = l,2)^a = /3. 
Proof. To the diagram 

A2 



g°f'i 
K g°i 



B 



90f2 



Ai 



fl 



the following diagram gives a factorization which satisfies condition (bl) in 
Definition!^ 




Since each of idg : g => g and ao : g g gives a 2-cell which satisfies 
condition (b2), we have a o f3~^ = id by the uniqueness. Thus a — f3. □ 

Proposition 3.32. {See also Proposition \5.12V ] Let ^3.16^ he a pull-hack 
diagram. We have 

(1) /i.- faithful ^ /{.• faithful 

(2) /i.- fully faithful =^ f[: fully faithful. 
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(3) fi: cofaithful => /(; cofaithful. 

Proof, proof of (1) By Corollary 13.231 it suffices to show a o f[ — idpo/j ^ 
a = ido for any K e S° and a £ 8^(0^,^1X3^2, 0^,^1X1,^2 )■ Since (0 o 
• (a ° /2 ° fl) = (a ° /i ° /2) -(00^)= idoo/^o/2 • (0 o ^) = o ^, we have 
a°/2°/i = idoo/^0/1 = idoo/^o/i- Since fi is faithful, we obt ain go /^ = idoo/^- 
Thus, we have ao/^' = idoo/' = idoo// (i = 1, 2). By Reniark r3.311 this imphes 
a = idp. 

proof of (2) By (1), /{ is already faithful. By Corollarv l3.23l it suffices to show 
that for any K € S° , k e S^{K,Ai Xg ^2) and any a G S^(fc o /{,0), there 
exists a unique 2-cell k G S^(fc,0) such that a — (k o /{) • {f{)\. Since /i is 
fully faithful, for any K e S° , k € S\K,Ai Xs^a) and any a e S'^{kof[,0), 
there exists T G S^{koff^,0) such that (ro/i).(/i)^ = (fco^-i) • (cro /a) • (/a)^. 
Then, for the diagram 

Ai 




each of the factorizations 





satisfies condition (bl) in Definition 12.41 So there exists a 2-cell k G S^{k,0) 
such that a = (ko/{)-(/{)^. Uniqueness of such n follows from the faithfulness 
of /(. 

proof of (3) Let {Ai x A2,pi,p2) be the product of Ai and A2. For id^^ G 
S^{Ai,Ai) and G S^{Ai,A2), by the universality of Ai x A2, there exist 
ii G S^{Ai,Ai X A2), Ci e S2(ii opi,idAi) and ^2 e 8^(12 op2,0). Similarly, 
there is a 1-cell 12 G S^{A2, A\ x A2) such that there are equivalences 12° V2 — 
idyls, *2 °Pi — 0. If we put t {pi o fi) (g) {p2 o /2)*, then by Proposition 
13.291 and I3.30i we have Ai Xb A2 = Kcr(t). So we may assume Ker(i) = 
[Ai Xb A2,d,et] and /( dop2. 



Ai X 
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Since ii ot and /i are equivalent; 

ii o i ~ (ii opi o /i) ® (ii op2 o /2 ) ~ (id^i o /i) (g) (0 o /*) ~ /i, 

by the cofaithfulness of fi, it follows that t is cofaithful. Thus, we have 
B = Cok(ker(t)), i.e. Cok(d) = [B,t,et]. By (the dual of) Corollary [321 
it suffices to show f[oa — idy^oo ^ ~ ido for any C £ S'^ and any 

a G S2(0a2,c,0a2,c)- Forthe2-cell (d o p2)i e S2((i o p2 o O^^^c, 0) (seethe 
following diagram), by the universality of Cok(d), there exist u G S^{B,C) 
and 7 G S^(t o u,p2 ° 0) such that (d o 7) • (d 0^2)7 = (e* o u) • u\. Thus, if we 
put 7' := 7 • (p2 o ck), we have 

{d o 7') ■ {dop2)\ = (d o 7) ■ (d op2 o a) • (d 0^2)7 
= (d o 7) • (/( oa) ■ {do ^2)7 = (e* o u) ■ u\. 

So, 7 and 7' G S^(t o u,p2 ° 0) give two factorization of p2 ° compatible 
with Et and (d 0^2)7- By the universality of Cok{d) = [B,t,et], there exists a 
unique 2-cell (3 G S^(u,w) such that 

(3.17) (to;3)-7 = 7'- 

Ai equivalence 








Then we have («i o i o /3) • {ii 07) = ii o y = (ij^ o 7) • (i^ o p2 o a) = 
(ii o 7) • (^2 o 0) ■ (0 o a) • (^2^^ o 0) = {h o 7), and thus, (ii o t ) o (3 = idijoto«- 
Since ii o t ~ /i is cofaithful, we obtain /3 = id„. So, by (|3.17p . we have 
7 = 7' = 7 • (p2 o a), and consequently p2 o a ~ idpaoo- Since p2 is cofaithful 
(because i2°P2 — idA2 cofaithful), we obtain a — ido. O 

Proposition 3.33. Consider diagram l\3.8\\ in S. // we take Ker(/, (p) = 
[Ker(/, (^), e], then by the universality o/Ker(/) = [Ker(/), fc(/), £/], (fac- 
tors uniquely up to an equivalence as 



COHOMOLOGY THEORY IN 2-CATEGORIES 



23 



where {sof)-e—{£oef)- {£)}■ Then, £ becomes fully faithful. 

Proof. Since £o k{f) is equivalent to a faithful 1-cell £, so t becomes faithful. 
For any K e S°, /c e S\K ,Kei{f , ^)) and a £ S2(fc o £,0), if we put a' := 
(koeT^) ■ (cr o fc(/)) • S S^(fc o £, 0), then cr' becomes compatible with e. 

So, by Lcmma r3.19[ there exists t € S^(fc, 0) such that a' = {t o £) ■ £\, i.e. 

(3.18) (fc o e-i) • (a o fc(/)) • (fc(/))^ = (r o ^) • 4. 

Now, since (fc o e) • (t o • ^ = (r o ^ o fc(/)) • o fc(/))^ by Corollary [S^l 
(EUl) is equivalent to [a o fc(/)) • (fc(/))^ = (r o^o fc(/)) • (ti o fc(/)) • 

Thus, we obtain ct o k{f) = ((r o Q ■ £^j) o k{f). Since k{f) is faithful, it 
follows that cr = (r o^) -^j. Uniqueness of such r follows from the faithfulness 
of£. Thus ^ becomes fully faithful by CoroUaryE^l □ 



4. Existence of proper factorization systems 

Definition 4.1. For any A, i? G and / G S^(A, B), we define its image as 
Ker(cok(/)). 

Remark 4.2. By the universality of the kernel, there exist i{f) G S^(A, Im(/)) 
and i G S2(j(/) o fc(c(/)), /) such that o c(/)) • = o • . 

Coimage of / is defined dually, and we obtain a factorization through Coim(/). 

Proposition 4.3 (1st factorization). For any f G S^(yl, B), the factorization 
i : i{J) o fc(c(/)) =^ f through lm{f) 



A- 



B 



iU) \ M / k(c(f)) 

Im(/) 

satisfies the following properties: 

(A) i{J) is fully cofaithful and k{c{f)) is faithful. 

(B) For any factorization rj : i o m => / where m is faithful, following (bl) 
and (b2) hold: 

(bl) There exist t e S^{lm{f),C), Cm e S^{t o m, k{c{f))), Q G S^{i{f)ot,i) 

C 



U B 

HcU)) 



Im(/) 
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such that {i{f) o Cm) • t = (Ci ° ' '7- 

(b2) If both {t^C,m,Qi) and (i',CmiC) satisfy (bl), t/ien t/iere is a unique 2-cell 
K € S^(i, t') sitc/i that («(/) o k) • = Cj and (k o to) • ^^'^^ = 

Dually, we obtain the following proposition for the coimage factorization. 

Proposition 4.4 (2nd factorization). For any f G S^{A,B), the factorization 
fi : c{k{f ))oj{f ) =^ / through Coim(/) 



Coim(/) 

c(fe(/)) / M \ ]U) 



B 



satisfies the following properties: 

(A) j{f) is fully faithful and c{k{f)) is cofaithful. 

(B) For any factorization v : e o j => / where e is cofaithful, following (bl) 
and (b2) {the dual of the conditions in Proposition \4.3^ hold: 

(bl) There exists s e Si(C, Coim(/)), Ce e S^{eo s,c{k{f))), and Q G 8^(50 
J(/),J) 



Coim(/) 



A Ce 



c 

SMc/i i/iaf {eo Qj) ■ v — (Ce o j(/)) • A*- 

(b2) If both (s,Ce,Cj) '^'^^ (s'jCeiCj) satisfy (bl), then there is a unique 2-cell 
A e S2(t, t') sitc/i that (A o j(/)) • C = Ci (e o A) • Ce = Ce- 



In the rest of this section, we show Proposition 14.31 
Lemma 4.5. For any f G S^{A,B), i{f) is cofaithful. 

Proof. It suffices to show that for any C £ S° and a £ S'^{0im{f).C7^im{f),c) 
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we have i{f) o a — idi(y)oo =^ ct = ido- Take the pushout of k{c{f)) and 

Olm(/),C 



^ ic 

C 



and put 



Ci e-(a°/2)-r7-(5°0-(6°/i)(^c)^ = (fc(c(/))o*B^OozcM^ 

Then, since ic is faithful by (the dual of) Lemma [3.321 we have 

a = ido <F=^ aoic = idooic 6(a°«c)-(«c)o = ^'idooic '(^c)/ = 6- 

So, it suffices to show — ^2- For each i = 1,2, since Cok(fc(c(/)) = 
[Cok(/),c(/), there exist e, G SHCok(/),C U B) and £ S2(c(/) o 

Im(/) 

Cijis) such that 

(4.1) (fc(c(/))oe,).e, = (£,(/) oe,)-(eO^ 



Cok(/) 
^ -r 




Since by assumption i(/) o a = idj(/)oOj we have 

i(/)oC2 = (i(/)°e)-(*(/)°«°»c)-(*(/)°(*c)^) 

= W) ° • (id.(/)oOo.e) • W) ° (*C)^) - *(/) o a- 

So, if we put ZD := (i^^ ois) • (i(/) o • (i(/))J G S^{foiB,0), this doesn't 
depend on i = 1, 2. We can show easily (/ o e,) • — (ttj o e^) • (ei)j (« = 1,2). 
Thus (ei,ei) and (62,22) are two factorizations of is compatible with vu and 
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TT/. 



Cok(/) 

c{f) 




By the universahty of Cok(/), there exists a 2-cell (3 £ S^(ei,e2) such that 
(c(/) o /3) • £2 = £i, and thus we have e^'^ = e^^ ■ {c{f) o /^-i). So, by ((i7T|) , 
we have 

a = (fc(c(/))o£-i).(£,(^.)oei).(ei)^ 

= (fc(c(/)) o £-1) . (fc(c(/)) o c(/) o /3-1) . o ei) • (ei)^ 

^ (fc(c(/)) O 62) •(62)^=6- 

□ 

Lemma 4.6. Let f G S^(A, S). Lett : i{f)ok{c{f)) ==> f be the factorization 
of f through Im(/) as before. If we are given a factorization rj : i o m =4> / 
of f where i G S^{A,C), m G S^{C,B) and m is faithful, then there exist 
t G Si(Im(/),C), C^ e S2(i(/) o<,i) and C™ G S2(t o to, /fc(c(/))) sttc/i t/iat 
(Ciom) -7] = {i{f) o C„) • t. 

Proof. By the universahty of Cok(/), for vr ;= (t;^^ o c(to)) • (i o 7r,„) • G 
S2(/oc(to),0), there exist to G S^(Cok(/), Cok(TO)) andrj G S2(c(/)oto, c(to)) 
such that 



(4.2) 



(/ o 77) • TT = (tt/ o to) • (m)^. 



Cok(/) 




Cok(m) 



Since m is faithful by assumption, it foUows Ker(c(m)) = [C, to,?!™]. By the 
universahty of Ker(c(TO)), for the 2-ceU 

(4.3) C := (fc(c(/)) o rJ'') ■ (£c(/) ° m) ■ {rn)\ G S\Hc{f)) o c{m), 0), 
there exist t E (Im(/), C) and („i G S'^{tom, k{c{f))) such that (Cm oc(to)) • 

C = {to TTm) -j]. 

If we put C := (i(/) ° Cm) ' '-I then the fohowing claim holds: 
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Claim 4.7. Each of the two factorizations of f through Ker(c(m)) 

T] : i o m =4> / and C : i(f) otom / 
is compatible with 7r„i and tt. 





Cok(m) 




If the above claim is proven, then by the universahty of Ker(c(TO)) = 
[C, m,7rm], there exists a unique 2-cen e S'^{i{f)ot,i) such that {C,iom)-rj = 
Q. Thus we obtain (t, Cm, Q) which satisfies (Ci o to) ■ rj = Q = {i{f) o Cm) ■ 
and the lemma is proven. So, we show Claim 14771 

(a) compatibility of rj with tt™, tt 

This follows immediately from the definition of tt. 

(b) compatibility of C with 7r,„, tt 



We have 



i(/)oC = (t o c(m)) •(/ 077 l)-(t 1oc(/)oto) 

■ (*(/)oe,(^)OTO)).(z(/)o(TO)^) 

(toc(TO)) ■7r-i(/)f"\ 



From this, we obtain («(/) oto 7r,„) • (i(/) o tj) = (C ° c(m)) • vr • i{f)j . So 
we have 

(C O c(to)) ■TT=il{f)oto TTrn) ■ {l{f) O t\) ■ l^fff^ = (*(/) O t O ^m) • (z(/) O t)« . 

□ 



Lemma 4.8. Let A,B,C E S'^ , /, to, i G S^, 77 € S'^ 6e as in Lemma\ 

If a triplet {t'^C'mX'i) {where t' G (Im(/), C), C'„ E S^it' o m, k{c{f))), CI G 
S^(i(/) ot',i) satisfies 



(4.4) 



(*(/)°C)-^=(C'°m).7?, 



then Cm becomes compatible with Q and tt^ {in the notation of the proof of 
Lemma\4^ , we have (Cm ° c(to)) • C = (i' o TTm) • {t')\. 



Remark 4.9. Since to is faithful, Cm which satisfies (|4.4p is uniquely deter- 
mined by t' and Q if it exists. 
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14.412.11 



(Ci o m o c{m)) ■ [rj o c{m)) ■ [f o rj "'") • (t o c(/) o m) 



■ («(/) °£c(/) °H • («(/) ° M/) 



we obtain (Cm o c(m)) ■ C, ^ [f o 71^) ■ {t')} by the cofaithfulness of i{f). □ 

Corollary 4.10. Let A, B, C , f, m, i, rj as in Proposition \4.S\ If both 
(<, '^'^^ (^'iCtojO satisfy (hi), then there exists a unique 2-cell k G 

S^(t, t') such that (i{f) o k) ■ C^' = Q and (k o m) • = 

Proof. By Lemma [4.81 there exists a 2-cell k G S'^{t,t') such that (k o m) • 
Cm Cm by the universality of Ker(c(m)) — [C,m,TTm]- This k also satisfies 
Ci — (*(/) ° • Ci: and unique by the cofaithfulness of i{f). □ 

Considering the case of C = Im(/), we obtain the following corollary. 

Corollary 4.11. For any t e Si(Im(/), Im(/)), Cm e S2(t o fc(c(/)), fc(c(/))) 
and Ci £ S'^{i{f) ot, i{f)) satisfying o k{c{f))) ■ l — {i{f) °Cm) ■ i', there exists 
a unique 2-cell k e S^(i, idiiu(/)) such that i(f) o k — d and k o k{c{f)) = Cm- 

Now, we can prove Proposition [121 

of Proposition \4-3\ Since all the other is already shown, it suffices to show the 
following: 

Claim 4.12. For any C G S" and any g, h G Si(Im(/), C), 
t{f) o - : S'{g, h) S'{i{f) o 5, t{f) o h) 

is surjective. 

So, we show Claim If we take the difference kernel of g and h; 
d{g,h) ■ DK(g, h) — > Ini(/), ip(^g^h) ■ dt^g,h) ° 9 =^ d(g,h) ° h, 

then by the universality of the difference kernel, for any /? G S^(i(/)o(7, z(/)o/i) 
there exist i G S^{A,I)K{g, h)) and A G S'^{i o d(^gj^),i{f)) 



A 




g 



DK{g,h) 



h 



such that {i o ip^g^h)) ■ {X o h) — {X o g) ■ /3. 
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If we put TO := ° then m becomes faithful smce and 

fc(c(/)) are faithfuL Applying Lemma 14.61 to the factorization rj := {X o 
k{c{f))) ■ L :iom=^f, we obtain t e S\lui{f),BK{g,h)), Cm e S2(i o 
TO, k{c{f))) and G S^(i(/) o i, i) such that [Qom) --q = {i{f) o Cm) • Thus 
we have 

° d(<,J.) ° fc(c(/))) • (A o fc(c(/))) • . - (*(/) o C„0 • 

So, if we put Ci (Ci °d(^gJi)) ■ ^ £ ^"^(iif) °t ° d(^g^h),i{f)), then we have 

(C. o A;(c(/))) • L - (*(/) o Cm) • i. 

By CoroUarv 14.111 there exists a 2-cell k G S^(t o d(g.;i) , idim(j^)) such that 
Kok{c{f)) = Qrn and i{f)oK = d- If we put a :— (n^^og) ■ (toLp^gj^-^)- [noh) G 
S^{g, h), we can show that a satisfies i{f)oa = {3. Thus i{f) o — : S^(g, /i) — > 
S^(i(/) o o h) is surjective. □ 

Remark 4.13. In condition (B) of Proposition 14. 3i if moreover i is fully co- 
faithful, then t becomes fully cofaithful since i and i{f) are fully cofaithful. 
On the other hand, t is faithful since k{c{f)) is faithful. So, in this case t 
becomes an equivalence by Proposition 13.261 

Together with CoroUarv 14. Ill we can show easily the following corollary: 

Corollary 4.14. For any f € S^{A,B), the following (bl) and (b2) hold: 
(bl) If in the factorizations 

C C 




A A ^B, 



m,m' are faithful and are fully cofaithful, then there exist t G S^(C, C"), 
Cm G S^(t o m', to), and Q £ S^(i o t, i') such that {i o Cm) • = (Ci ° '^O ' "H' ■ 
(b2) If both {t^C,m,Qi) and (i',CmjC) satisfy (bl), then there is a unique 2-cell 
K e S^(t, t') such that {ion) - Q ~ Q and (k o to') • Cm — Cm- 
Remark 4.15. Proposition 14.31 and Proposition 14.41 implies respectively the 
existence of (2,l)-proper factorization system and (l,2)-proper factorization 
system in any relatively exact 2-category, in the sense of [5]. 

In the notation of this section, condition (B2) and (B3) in Definition 13.71 
can be written as follows: 

Corollary 4.16. For any f G S^{A,B), we have; 

(1) / is faithful iff i{f) '■ A — > Iiii(/) is an equivalence. 

(2) / is cofaithful iff j(f) ■ Coim(/) — > B is an equivalence. 
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Proof. Since (1) is the dual of (2), wc show only (2). 
In the coimage factorization diagram 

Coim(/) 
c(Hf)) / |i \ ](f) 



A- 



f 



B 



since c{k{f)) is cofaithful and j{f) is fully faithful, we have 

/ is cofaithful<==^ j{f) is cofaithful <:= => ii f) is an equivalence. 

Prop. 13.261 



5. Definition of relative 2-exactness 
Diagram lemmas (1). 



□ 



Definition 5.1. A complex A, = (A„,d^,(5;^) is a diagram 








where A„ e S°, e S''- {An, An+i), 6^ e S'^{dn_^ o d^,0), and satisfies the 
following compatibility condition for each n G Z : 

Remark 5.2. We consider a bounded complex as a particular case of a complex, 
by adding zeroes. 






Definition 5.3. For any complexes A, — {An, dn, 6n) and B, = {Bn, dn, Sn), 
a complex morphism /, = {fn,Xn) ■ A, — > i?, consists of /„ G S^(j4„,i?„) 
and A„ € S'^{dn o fn+i,fn o d^) for each n, satisfying 

{S^ o . (/„+i)/ - (dti ° A„) • (A„_i o ) . (/„_! o <5,f ) . (/„_!)«. 



I 



An An+1 



fn-2 A„_2 /71-1 /„ 

' • • Bn-2 — — ^ Bn-1 — — s- Bn 



Ap fn + l A„ + i /„ + 



An+2 ■ ■ ■ 

2 

Bn+2 ■ ■ ■ 
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Proposition 5.4. Consider the following diagram in S. 



(5.1) 



A, 



fi 



4 



Bo 



If we take the cokernels of fi and /2, then there exist b G S^(Cok(/i), Cok(/2)) 
and A G S^(c(/i) o b,b o c(/2)) such that 

i^h Ob) ■ {b)\ - (A o A) . (A o c(/2)) -{ao^f^). a\. 



/l " c(/i) 




Cok(/i) 



C0k(/2) 



If {b , X ) also satisfies this condition, there exists a unigue 2-cell ^ e S^(fe, 6 ) 
such that (c(/i) o ^) • A = A. 

Proof. This follows immediately if we apply the universality of Cok(/i) to 
(A o c(/2)) • (a o iTf,) ■ a\ e S2(/i o b o c(/2), 0). □ 

Proposition 5.5. Consider the following diagrams in S, 




/i 



a (<= j42 — /2 -s- i?2 =|>) f> "2 



h 




Ai 



h 



/3 



which satisfy (/i o /5) ■ A = (Ai o 62) • (oi o A2) • (a o /a). Applying Proposition 
5.4\ we obtain diagrams 

B, ^^Cok(/i) ^^Cok(/i) i?2 ^^C0k(/2) 



C0k(/3) i?2 — - C0k(/2) Bs — - C0k(/3) 

c(/3) c(/2) c(/3) 
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with 

(5.2) inf,ob)-(bfj - (/ioA).(Aoc(/3))-(ao7r/3)-a« 

{TTf, Ob,) ■ {hfj = (/ioAi).(Aioc(/2))-(aio^/J.(ai)« 

(7r/2 O 62) • (^2)/ = (/2 O A2) ■ (A2 O c(/3)) ■ (02 OTT/j) • (02)". 

Then, there exists a unique 2-cell f3 G S^(6i 062,6) such that 
(c(/i) o ^) . A - (Ai o 62) • (fei o A2) • (/3 o c(/3)). 
Proof. By (|5.2p . A is compatible with tt^^ and (A o c(/3)) ■ (a o tt^^) • aj. 




On the other hand, A :— (Ai o 62) • (&i o A2) • (/3 o c(/3)) is also compatible 
with TT/j and (A o c(/3)) • (a o tt/j) • a\. So, by the universality of the Cok(/i), 
there exists a unique 2-cell /? G (61 o 62 , 6) such that (c(/i)o/3).A = A. □ 

Corollary 5.6. Let (/„,A„) : (A„, d;^, (5;^) — > {Bn,d!^ ,S^) be a complex 
morphism. Then, by taking the cokernels, we obtain a complex morphism 

{c{fn),Xn) ■ {Bn,d^,S^) — > (Cok(/„) , d„ , ^„ ) which satisfies 

(5.3) (d^ o ^^,.^J . (d^)« = (A„ o c(/„+i)) . (/„ o A„) ■ (^/„ o ) . (df )^ 

/or eac/i n. 

Proof. By Proposition 15. 4( we obtain d^ and A„ which satisfy (|5.3p . And by 
Proposition 15. 5i for each n, there exists a unique 2-cell £ S^(c?„_2 ° '^n ;0) 
such that ((5^ o c(/„+i)) • c(/„+i)^ = (d^_i o A„) • (A„-i o ) ■ (c(/„-i) o ) • 
c(/n-i)/- By the uniqueness of (3 in Proposition 15. 5| it is easy to see that 

(^f • (dn+ltl = (dn-l°^n+l) ' (dn-l)\- 

These are saying that (Cok(/„), , (jf ) is a complex and (c(/„),A„) is a 
complex morphism. □ 
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Proposition 5.7. Consider the following diagram in S. 



Ai 



4 



b 

B3 



By taking the cokernels of fi and f2, we obtain 



A,^B,^CoHf,) 

B2 



and from this diagram, by taking the cokernels of a, b, b, we obtain 



A2 



c{a) 



B2- 



Cok(/2 



4 ^c*) P^' 



c{b) 



I 

Cok(a) Cok(6) Cok(6) 



Then we have Cok(/2) = [Cok(6), c(/2), tt/^]. We abbreviate this to Cok(/2) = 
Cok(6). 



Proof. Left to the reader. 



□ 



Proposition 5.8. In the following diagram, assume /, : A, 
complex morphism. 



B, is a 







Ai 



(5.4) 



— ^ A2 ^ A3 

I 

■ B2 — B3 
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// we take the cokernels of and df , 

^1 ^ A2 -^ Cok{dt) 



/: 



a4 h a4 |/2 



then by the universality of cokernel, we obtain ^2 G S^(Cok((i^), ^3) and 
62 G S^(c((i^)oo;2 , d^) such that [dl 082)- ^2 — {T^df °^2) ' {d-2)\ ■ Similarly, 
we obtain d2 G Si(Cok(df ), G S2(c(df )odf , df ) to^/i (df o^f = 

(tt^b 0^2)' (^2 )/• Then, there exists a unique 2-cell A2 G S^((i2 ° /sj /2 ° '^2 ) 
SMc/i f/iat (c(d^) o A2) • (Ai o d2 ) • {f2 ° S2) = {S2 ° /s) • A2. 

Proof. If we put S :— (d^ o A2^^) • ((5^ o • {fsYj, then both the factorizations 



{^2 ° /a) ■ A2 : c(di ) o (^2 o /a) =^ f2 o d 



(Ai o ) • (/2 o (^2 ) : c(di ) O (/2 O 0?2 ) =^ /2 o d. 



are compatible with tt^a and J. So the proposition follows from the univer- 
sality of Cok(d^). □ 

Proposition 5.9. In diagram (j5.jp . if we take the coimage factorization 
fia ■ c(fc(a)) o j(a) =^ a and /i^ : c{k{b)) o j{b) => &, i/ien f/iere ea;- 
ist f e Si(Coim(a),Coim(6)), Ai G S'^{fi o c(fc(&)), c(A;(a)) o /) and A2 G 
S^(/oj(^),i(a)o/2) sMc/i i/iat (/io/i,,)-A = (Ai oj(&)) • (c(fc(a)) o A2) • (^a 0/2)- 



I I 

c(fc(a)) ^Ai c(fe(6)) 

Y y 
(5.5) a ( ^ Coim(a) — / ^ Coim(fe) ^ 

I I ' 

J (a) D^As J (6) 

I t 
A2 ^ ^B2 

J2 

Moreover, for any other (f',X[,X'2) with this property, there exists a unique 
2-cell ^ G S2(/, /') such that Ai ■ (c(fc(a)) o ^) = A'^ and (^ o j{b)) • A^ = A2. 

Proof. Since the coimage factorization is unique up to an equivalence and is 
obtained by the factorization which fills in the following diagram, we may 
assume Ker(a) = [Kei{a),k{a),ea], Cok(fc(a)) = [Coim(a), c(fc(a)), TT/jj-Q-)], and 
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(fc(a) O fj,a) 



(7rfc(Q) oj{a)) ■j{a)\ 



Ker(a) 



Coim(a) 




Similarly, we may assume 

Ker(6) = [Ker(6), fc(6), e^], 
Cok(A:(6)) = [Coim(6),c(fc(6)),^fe(fc)] 

and (fc(6) o • £6 = {T^k{b) ° i(^)) • By (the dual of) Proposition 15. 4| 

there are e S^(Ker(a), Ker(&)) and A g S^(/^ o k{b),k{a) o fi) such that 
(A o 6) • (fc(a) o A) • {ea o /s) ■ (/2)j = (/^ o e^) ■ Applying Proposition 

15.81 we can show the existence of (/, Ai, A2). To show the uniqueness (up to 
an equivalence), let (/', A'^, Aj) satisfy 

(/i o A^fc) • A = (A; o j{b)) ■ (c(fc(a)) o A^) . o f,). 

From this, we can obtain 

(Zi ° ^m) ■ iUfi = (A o c(fc(6))) . (fc(a) o A'l) . (7r,(,) o /') • ff . 

And the uniqueness follows from the uniqueness of 2-cells in Proposition 15.41 
and Proposition 15.81 □ 



Proposition 5.10. Let /, : A, — > B, he a complex morphism as in diagram 

l\5.4l - If we take the cokernels 0//1, /2, /a and relative cokernels of the complex 
^ ^ 

At and B, as in the following diagram, then we have Cok(/3) = Cok(c?2 , <^2 )■ 




I 

t 

B3 



Cok{d^,5^ 



c(/2) jJI c(/3) 

Y 

Cok(/i) C0k(/2) C0k(/3) 



-cok(dr,^2^) 



■2 1 "2 
73 

B xB\ 
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Proof. Immediately follows from Proposition 15. 7[ Proposition 15.81 and (the 
dual of) Proposition 13.201 □ 

Proposition 5.11. In diagram (I5.jp . if a is fully cofaithful, then the following 
diagram obtained in Proposition \5.4\ is a pushout diagram. 



Bi 

b 

Bo 



c{fl) 



Cok(/i) 



c(/2 



■ C0k(/2 



Proof. Left to the reader. 

Concerning Proposition 13 . 32l we have the following proposition. 
Proposition 5.12. Let 



□ 



Ai xbA2 



■Ao 



h 



■B 



he a pullback diagram in S. If fi is fully cofaithful, then f[ is fully cofaithful. 

Proof. Since /i is cofaithful, in the notation of the proof of Proposition (232 
Cok(ii) — [^2,^2,^2] and Gok[d) — [B,t,et]. Applying Proposition [5T7] to the 
diagram 

'-^A^ 



we obtain 



Ai xb A2 -^^1 X A2, 

a 

Cok(/i) - ^ Cok(/0 = 0. 

. id 







I 

n 
Y 



Ai 'Xb A2 - Ai X A2 — t - 

P2 1), 



Ai 



B 



id 

Ai Xb A2 



f'l 



Y 

■A2 







□ 
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Proposition 5.13. In diagram Jl) . assume a is cofaithful. By Proposi- 
tioned^ we obtain a coimage factorization diagram as (| 5. . If we take the 
cokernel of this diagram as 



c{fl) 



Cok(/i 



Bi 




m 
\ 

B2- 



I t 

Coini(&) - c(/) ^ Cok(/) 



c(/2) 



Jib) 
t 

C0k(/2) 



then the factorization 



Cok(/) _ 

c(fc(6)) X \ 

/ \ 
Cok(/i) C0k(/2) 



becomes again a coimage factorization. 



Proof. It suffices to show that c{k{b)) is cofaithful and j{b) is fully faithful. 
Since c{k{b)) and c(/) are cofaithful, it follows that c{k{b)) is cofaithful. Since 
j[a) is an equivalence, 

Coim(5) -f^iH-^ Cok(/) 



j{b) 



Bo 



<f2) 



j{b) 



■ C0k(/2) 



is a pushout diagram by Proposition [5TTTJ By (the dual of) Proposition 15. 121 
j{b) becomes fully faithful. □ 



Definition of the relative 2-exactness. 



Lemma 5.14. Consider the following diagram in S. 
(5.6) A — ^-^B — '-^C 
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// we factor it as 



Ker(g) Cok(/) 








with 

{ipog)-ip = {loeg)-(f)\ 
{foTp)-Lp = {TTf og) ■ {gfj, 
then Cok(/) — if and only i/Ker(^) = 0. 

Proof. We show only Cok(/) = ^ Kcr(^) = 0, since the other uxiphcation 
can be shown dually. If Cok(/) = 0, i.e. if / is fully cofaithful, then we have 

Cok(/) = Cok(/ o = Cok(fc(.g)) = Coim(g). 

Thus the following diagram is a coimage factorization, and g becomes fully 
faithful. 



Cok(/) 




C 



Definition 5.15. Diagram (|5.6p is said to be 2-exact in B, if Cok(/) = (or 
equivalently KeT{g) = ). 

Remark 5.16. In the notation of Lemma 15. 141 the following are equivalent : 

(i) lEM is 2-exact in B. 

(ii) / is fully cofaithful. 

(iii) g is fully faithful. 

(iv) c(/) = cok(fc(g)) (i.e. Cok(/) = Coim(g)). 

(v) k{g) = ker(c(/)) (i.e. Ker(5) = Im(/)). 

Proof. By the duality, we only show (i) (iii) 4^ (v). 
(i) (iii) follows from Corollarv l3.25l 
(iii) ^ (v) follows from Proposition 13.211 

(v) (iii) follows from Proposition 14.31 □ 
Let us fix the notation for relative (co-)kernels of a complex. 
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Definition 5.17. For any complex A, = (A„,(i„,(5„) in S, we put 

(1) [Z^\A,),zt(:^] :=Ker(d„,<5„+i). 

(2) [Q^\A,),qf^,pi] :=Cok(d„_i,<5„_i). 

Remark 5.18. By the universality of Ker (ci„, (5„_|_i) and Lemma I3.19[ there 
exist fc„ e Si(^„_i,Z"(A,)), Vn,i e S'^ikn oz„,d„_i) and j^n^z e S2(d„_2 o 
A:„ , 0) such that 

{Vn,l O dn) ■ Sn = (fcn O Cn) ' 

k„ 



A '^" + ^ A 
*- 




An-2 — '^"-2 ^ An-1 



An rf,. 





On the other hand, by the universality of Ker(c?„), we obtain a factorization 
diagram 





S 





An+1 



A. 



n+2 



Ker(d„) 

which satisfy 

(rf„_2 O • Sn-1 = [Sn-l ° k{dn)) ■ {k{dn))\ 

By Proposition 13.201 there exists a factorization of z„ through Ker(rf„) 
^"(A.) 

An =^ A„+i 




Ker((i„) ^ 

which satisfies 

(C„ ° dn) ■ Cn = U„ O edj ■ {Z^)\. 

Moreover z„ is fully faithful by Proposition 13.331 
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By the universality of Ker((i„), we can show easily the following claim. 
Claim 5.19. There exists a unique 2-cell C„ € S{kn o Zn,d^_i) 




such that 

This Qn also satisfies 

Remark 5.20. Dually, by the universality of the cokernels, we obtain the fol- 
lowing two factorization diagrams, where g„ is fully cofaithful. 




Cok(d„_i) 




Cok((i„_i) 
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We define relative 2-cohoniology in the following two ways, which will be 
shown to be equivalent later. 

Definition 5.21. 

H^{A,) := Cok(fc„,;.„,2) 
H^{A,) := Ker(£„,Mn,2) 



Lemma 5.22. In the factorization diagram ( |5. 7| ) in Lemma \5.14\ if we take 
the cokernel of f and the kernel of'g, then there exist w G S^(Cok(/), Ker(^)) 
and uj G S^(c(/) o w o k{'g), k{g) o c{f)) such that 



(5.8) (/ow) ■ (^oc(/)) -TT/ = {ttj^o w o k{g)) ■ {w o k{g)) 

(5.9) {ujog)-{k{g)oTp)-eg = (c(/) o w; o £g) • (c(/) o u;)» . 



Cok(/)^Ker(g) 

^ \ 
fc(s) 

/ II \ 'V^° 



/ 



Ker(g) 4 Cok(/) 

\ / _ 

cif) ■■ \9 





Moreover, for any other factorization {w' ,uj') with these properties, there ex- 
ists a unique 2-cell k G S^(u', w') such that {c{f) o k o k{g)) ■ uj' ~ uj. 



Proof. Applying Proposition 15.41 to 



A A 



(5.10) 



Ker(5) 



Hg) 



B, 



we obtain wi G Si(Cok(/), Cok(/)) and uoi G S^(c(/) o wi,k{g) o c(/)) which 
satisfy 



(5.11) 



(/ ° ^l) • ("^ ° C{f)) ■ TTf = {iTf O Wl) ■ {Wlfj. 
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Then {uji o g) ■ {k{g) o ip) ■ Sg ^ S'^{c{f) o wi o g,0) becomes compatible with 





/ 



Ker(.g) ■ 



c{f) 



.Cok(/)'^_C 



'(uJiog)-{k(g)otp)-eg 

By Lemma [3. 191 there exists a 2-ceU S G S{wi o'g,0) such that 

(c(/)°<5).c(/)» -Ko5).(fc(5)o^).£g. 

So, if we take the cokernels of k{g) and Wi, then by Proposition l5.8l we obtain 
the following diagram: 

5 



Ker(g) 



cif) 



k{g) 



B ^ Coim(5) ^ C 



3^2 



idc 



Cok(/) — ^ Cok(/) -^ Cok{w^) C 



4 



Applying Proposition 15.71 to (|5.10p . we obtain 

[Cok(u;i),c, {c)\] = Cok(0 Coim(g)). 

Thus c is an equivalence. Since j{g) is fully faithful, g^ becomes fully faithful. 
Thus the following diagram is 2-exact in Cok(/). 



Cok(/) ^ Cok(/) 




(5.12) 



So if we factor ()5.12p by w e Si(Cok(/), Ker(g)) and uj2 G ^"^{w ok{g),wi) as 
in the diagram 



(5.13) 




Cok(/) ^ Cok(/) 

\ 4 



which satisfies 



{w o e-g) ■ w} = {uj2 og) -6, 
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then w becomes fully cofaithful by Lemma [5.141 If we put uj :— {c{f) 00^2) -t^i, 
then {w,uj) satisfies conditions (|5.8p and (|5.9p . 
If {w' , Lo') satisfies 

(5.14) {f_ou')-{>poc{f))-Tif = {n^ow' ok{g))-{w' ok[g))\ 
{J og)-{k{g)oTp)-eg = {c{f) o w' o e-g) ■ {c{f) o w')\, 

then, since both the factorization of k{g) o c{f) through Cok(/) 

w' : c(/) o w' o k{g) => k{g) o c(/) 
Wi : c{J) o wi =^ k{g) o c{f) 

are compatible with tt/ and {^p o c(/)) • tt/ by (|5.1ip and (|5.14p . there exists 
£ S^(w' o wi) such that 

(c(/) o ^2) • t^i = i^' ■ 

Then we can see is compatible with e-g and (5. So, comparing this with 
the factorization (|5.13p . by the universality of Ker(5), we see there exists a 
unique 2-cell k £ S^(w, w') such that (k o k{^)) ■ — ^2- Then k satisfies 
(c(/) o K o ^(5)) ■ Lo' — UJ. Uniqueness of such k follows from the fact that c(/) 
is cofaithful and /c(g) is faithful. □ 

Proposition 5.23. In Lemma \5.22[ w is an equivalence. 

Proof. We showed Lemma [5]22] by taking the cokernel first and the kernel sec- 
ond, but we obtain the same {w, uj) if we take the kernel first and the cokernel 
second, because of the symmetricity of the statement (and the uniqueness of 
(w, (jj) up to an equivalence) of Lemma 15.221 As shown in the proof, since 
(|5.12p is 2-exact in Cok(/), w becomes fully cofaithful in the factorization 
(|5.13p . By the above remark, similarly w can be obtained also by the factor- 
ization 



Cok(/) 








where the bottom row is 2-exact in Ker{g). So w becomes fully faithful. Thus, 
w is fully cofaithful and fully faithful, i.e. an equivalence. □ 
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Corollary 5.24. For any complex A, = {An, dn, Sn), if we factor it as 



H^{A,) H^{A.) 








{in the notation of Definition \ 5. n\ Remark \5.18\ and Remark \5.20\i . then there 
existw e S^(fff (A,), anduj e S^(c(fc„, ;/„^2) oil'o ^^",2), z„ og„) 

such that 



(fc„ O Oj) ■ {l^nA O Qn) ■ Pn = (7r(fc„,^„ 2) OWO k{in, M«,2)) ' {w O Pn,2))l 
{ujoln) ■ {Zn O lln,l) ■ Cn = {c{kn, Vn^) °WO e(£„,^„_2)) • (c(/c„ , t'„,2 ) ° w)\. 




For any other factorization {w',lu') with these conditions, there exists a unique 
2-cell K £ S^(tJ, Lu') such that (c(fc„, h'n,2) o no k{£n, Ain,2)) ■ to' = w. Moreover, 
this w becomes an equivalence. 
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Proof. For the factorization diagrams 






Cok(d„_2) 








Ker(d„+i) 

which satisfy 

(Sn-1 O dn) ■ 5n = (c(d„„2) O ^n) ' c(d„_2)J 
(^„+l °C^n+l) -^r^+l = {dn°£d^ + ^)-{dJ'l 

{dn~l ° ^n+l) ■ = O fc(d„+i ) ) • A:(d„+i ) j , 

there exists a unique 2-cen S S^(c?„_i oc?j^,0) such that 

((5t o fc(d„+i)) • fc(d„+i)^ = (dn-i o^„+i) -^n 

By Proposition I3.20[ applying Lemma 15.221 and Proposition 15.231 to the fol- 
lowing diagram, we can obtain Corollary 15.241 








□ 

Thus and H^{A,) are equivalent. We abbreviate this to 

Definition 5.25. A complex A, is said to be relatively 2-exact in An if 
H^{A») is equivalent to zero. 
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Remark 5.26. If the complex is bounded, we consider the relative 2-exactness 
after adding zeroes as in Remark 15.21 For example, a bounded complex 






C 



is relatively 2-exact in B if and only if 








is relatively 2-exact in B, and this is equivalent to the 2-exactness in B by 
Remark [3TT81 

6. Long cohomology sequence in a relatively exact 2-category 
Diagram lemmas (2). 

Lemma 6.1. Let A, be a complex in S, in which ^5=0 and d/^ — : 










Then, (lff.jp is relatively 2-exact in A3 and A^ if and only i/Cok((i2, S2) = A4, 
i.e. [Q^{A,),q3,p3\ = [Ai,d3,53\. 

Proof. As in Remark 15.201 we have two factorization diagrams 
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where (73 is fully cofaithful. We have 
J]) is relatively 2-exact in ^4 <^ 

^ 

Prop. l330l 



Cok(rf3) = ^ Cok(g3 o £3) = 



Cok(£3) = ^ ^3 is fully cofaithful 

Prop. I33T1 



and 

(|6.ip is relatively 2-exact in ^3 



Ker(^3, (^3)^) = 



4=^ Ker(^3) = ^ ^3 is fully faithful. 

Rem. IMS] ^ ' 

Thus, (|6.ip is relatively 2-exact in A3 and if and only if £ is fully cofaithful 

and fully faithful, i.e. ^ is an equivalence. □ 



By Remark 13.181 we have the following corollary: 
Corollary 6.2. Let (^„,d„,(5„) be a bounded complex in S, as follows: 



(6.2) 



Then, (| 6. is relatively 2-exact in A2 and A3 if and only if Cok{d^) 
[A3,di,Si]. 




Lemma 6.3. Let A, be a complex. As in Definition \5.17\ Remark \5.18\ and 
Remark \5.2(A take a factorization diagram 



7n+l 




An-1 — d^-i 



which satisfies 

O dn+l) ■ Sn+1 = {kn+1 O Cn+l) ' (^n+l)/ 

((i„_l O jy„+i 1) ■ (5„ = {iyn+1,2 ° Z71+1) ■ {Zn+lfl 

{dn-1 O ^„.i) ■ Sn = {pn ° in) ' (O/ 

{t^n,l ° dn+l) ■ Sn+1 = (<7n O ^",2) ' (^n)/- 
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Then, there exist Xn G Si(Q"(A.), ^„ e S2(x„ o z„+i, £„) and 

rjn e S^(q„ ox„,A;„+i) swc/i i/iaf 



(6.3) 



(d„_i o r]n) ■ Vn+1,2 = [Pn ° x^) ' (a;„)j. 



Moreover, for any other (a;^, ry^J zwif/i t/iese properties, there exists a unique 
2-cell K G S'^{xn,x'„) such that {k o z„+i) • ^.^ = ^„ and (q„ ° f^) ■ 'n'n — Vn- 

Proof. By the cofaithfulness of g„, we can show /i„.2 is compatible with 
(5„+2. By the universahty of the relative kernel there exist x„ G 

Si(Q"(^.), ^"+'(^.)) and C„ e S2(x„ o 0„+i,C) such that 

(^n O dn+l) • fJ-n,2 = {Xn ° (n+l) ' {Xn)\- 

Then, both the factorizations 

n) ' /^n,l • Qn ° X^ O Z^^^i ^ rf^^ 

are compatible with Cn+i and (5„+i. Thus by the universality of relative 
kernel there exists a unique 2-cell 7y„ G S^((7„ ox„,A:„+i) such 

that (qn o • /j,ri,i = [rjn o Zn+i) ■ Pn+1,1- It cau be easily seen that rjn also 
satisfies (|6.3I) . Uniqueness (up to an equivalence) of {xn, ^n,Vn) follows from 
the universality of the relative kernel Z"+^(yl,) and the uniqueness of □ 

Lemma 6.4. Consider the following complex diagram in S. 





(6.4) 



C 



f 9 

If <\6.4l is 2-exact in B and g is cofaithful, then we have Cok(/) = [C,g,ip\. 
Proof. If we factor (|6.4p as 

" ^Cok(/) 



C , 



then, since (|6.4p is 2-exact in B, g becomes fully faithful. On the other hand, 
since g is cofaithful, 'g is also cofaithful. Thus g becomes an equivalence. □ 
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Lemma 6.5. Consider the following complex morphism in S. 




If the complexes are relatively 2-exact in ^2,^3 and 32,3^ respectively, i.e. 
they satisfy Cok{df ) = [A3,(i^,i5^] andCok{df) = [Ba, , (5f ] (see Corollary 
6.S^ . then the following diagram obtained by taking the kernel 0/ /2 becomes 
2-exact in A3. 



(6.5) 



Ker(/2) 



■(fc(/2)oK).(e^,odf)-(df)5 

Proof. By taking the kernels of \dAi and /2 in the diagram 



Ai 



4 



B2 



and taking the cokernels of ^o^Ai and fc(/2), we obtain the foUowing diagram 
by Proposition where 9 = k{f2% ■ {d^ff^- 



(6.6) 




By taking the cokernels of Oo,Kcr(/2)i and df in (|6.6p . we obtain the left 
of the following diagrams, while by Proposition 15. 131 we obtain the right as a 
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coimage factorization if we take the cokernels of d^, df and df in (|6.6p : 



/2 



A2 ^ Coim(/2) s- B2 



id 



Ker(/2) ^ A3 




A, 



--^^Coini(/3) B3 

~7r 



(fc(/2)0«)-(£^,0d|')-(df)5 



On the other hand by Proposition 15.71 if we take the compatible 2-cell v 
{k{h) o ^1) • {iTkU.) °dt) ■ {dt)\ G S2(fc(/2) O d^ O c(fc(/3)), 0), 



Ker(/2) ^ A2 ^ Coim(/2) 



id 



^^'^(^2) ——^ ^3 — — - Coim(/3) 

^fe(i2)0(i^ c(fc(/3)). 



then we have Cok(A;(/2)o(i^) = [Coim(/3), c(fc(/3)), -u]. It can be easily shown 
that V is compatible with and (fc(/2) o k) • (e^^ o c^^) • (c^^)/- 



Coim(/3) 



Ker(/; 




Since Cok(fc(/2) o d^) = [Coim(/3), c(fc(/3)), and ^(/s) is fully faithful by 
Proposition 14. 4[ this means (|6.5p is 2-cxact in ^3. □ 
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Lemma 6.6. Consider the following complex morphism in S. 





■A2- 



(6.7) 



fi 



All), h Asl), 




If the complexes are relatively 2-exact in A2 and Bi,B2 respectively, then the 
following diagram obtained by taking the kernels 



(6.8) 



Ker(/i) 




Ker(/3) 



is 2-exact in Ker(/2). 

Proof. If we decompose (|6.7|) into 



Ai 



-^Ker(df) 
All), and 



Ker(d^) 



'A2 



Bi— -Ker(df) 



Ker(df: 



k{4 



/2 A2JL 

Y 



A3 

f3 
S3, 



then by (the dual of) Proposition 15.71 we have Ker(c|^) = KcT{f^). Since 

df^ is an equivalence by (the dual of) Corollarv l6.21 the diagram obtained by 
taking the kernels of /i and / 



Ker(/i) 



fc(/i 



Ai 



-^^Ker(/2) 
--irKer(d^) 



becomes a puUback diagram by (the dual of) Proposition 15.111 Since df^ is 
fully cofaithful, df^ becomes also fully cofaithful by Proposition 15.121 This 
means ()6.8p is 2-exact in Ker(/2). □ 
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Lemma 6.7. Consider the following complex morphism in S. 




(6.9) 



If fz is faithful and the bottom row is 2-exact in A2, then the top row is also 
2- exact in A2. 

Proof. By taking the cokernels of and df in (|6.9p . we obtain (by Proposi- 
tion [57 



Cok{dt) 



X2^ 



h 



Cok«) 



Since d^ is fully faithful, by taking the kernels in this diagram, we obtain the 
following diagram. 



0' 



■Ker(/3) 



k{d. 



4 



Ker(d2 ) ^ Cok{dt) - '4 A3 



4 '^<^\ ^4 
— -Cok(df)— - 



h 



In this diagram, we have 

Ker(d^) = Ker(Ker(d^) — > 0) = Ker(0 — > Ker(/3)) 

Prop. 15.71 



Cor. W2& 



This means that the top row in (|6.9p is 2-exact in A2. 
Corollary 6.8. Let 



□ 







A3 and Bi 
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be two complexes, and assume that there exist 1-cells /i, /a and 2-cells Ai, A2, cr 
as in the following diagram 




where fi is cofaithful and is faithful. Assume they satisfy 
(dl) (Aiodf).<5f = (/ioa)-(/i)« 



(d2) idfoX,).a^id^of,).{f,fj. 



Then, if the diagram 




is 2-exact in A2, then the diagram 



^Ao 



i2 *~ A^ 



is also 2-exact in A 



2- 



Proof. This follows if we apply Lemma 16.71 and its dual to the following dia- 
grams: 



Bi — U- A2 Bs Ai — ^ A2 A3 




id id 



S3, Ai 



O id 




□ 



By Corollary 16.81 it can be shown that the 2-exactness plus compatibility 
implies the relative 2-exactness (see |7j in the case of SCG): 
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Corollary 6.9. Let A, — {An,dn,Sn) be a complex in S. // 



An-l 




An+1 



is 2- exact in An, then A, is relatively 2- exact in An- 

Proof. This follows immediately if we apply Corollary 16.81 to the following 
diagram (see the proof of Corollary 1 5. 24p : 



An-l 




cok(d„_2) ^4 



Ker(d„+i) 



k(d„ 



An+1 



□ 



Construction of the long cohomology sequence. 



Definition 6.10. A complex in S 




(6.10) / " . 

is called an extension if it is relatively 2-exact in every 0-cell. 



Remark 6.11. By CoroUarv 16.21 (and its dual), (|6.10|) is an extension if and 
only if Ker(5) ^'[A, /, ip] and Cok(/) = [C, g, ip]. 

Definition 6.12. Let (/,,A,) -.A, — > B, and (g.,K.) ■ B, — > C, be 

complex morphisms and ip, = {ipn '■ fn ° ==> 0} be 2-cells. Then, 



(6.11) 



is said to be an extension of complexes if it satisfies the following properties: 
(el) For every n, the following complex is an extension: 




Ar. 



Br, - 



■ Cn 



COHOMOLOGY THEORY IN 2-CATEGORIES 



55 



(e2) (ft satisfies 

(A„ o g„+i) . (/„ o K„) . ((p„ o d^) ■ [d^fj = {d^ o (^„+i) . {d^)l. 












Our main theorem is the foUowing: 
Theorem 6.13. For any extension of complexes in S 




we can construct a long 2- exact sequence: 












Caution 6.14. This sequence is not necessarily a complex. {See Remark 

EH) 

We prove this theorem in the rest of this section. 

Lemma 6.15. In the notation of Lemma \6.3[ we have 

(1) Ker(a;„) 

(2) Cok(a;„) = i/"+i(^.). 

Proof. We only show (1), since (2) can be shown in the same way. In the 
notation of Lemma 16.31 and Remark 15.181 we can show that the factorization 
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is compatible with £d„^i and Hn,2- 




n+2 



So, by Proposition [2201 Proposition 13 . 211 and the fact that z„+i is fully faith- 
ful, we have = Ker(^„, /i„^2) = Ker(a;„ oz^^-^) = Ker(a;„). □ 

Lemma 6.16. For any extension ^6.11\i of complexes in S, we can construct 
a complex morphism 



^Z''+\A. 



r{g.) 

pin 



where the top line is a complex which is relatively 2-exact in Q"{B,), Q^{C,), 
and the bottom line is a complex which is relatively 2-exact in Z"^^(A,), 

Proof. If we take the relative cokernels g"(B.) and g"(C.) of the 

complex diagram 



^ An^l ^ An 



An+1 



■ Bn-1 



Bn 



Bn+1 



a 



"„-2 



9n + l 



n-2 



-7; ^ C*?!-! 
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then by (the dual of) Proposition 13.201 Proposition 15.41 and Proposition 15. 5| 
we obtain a factorization diagram 



An-l 

Bn-l 
Cn-1 



-4 /, 



In 



I 



An+l 

fn+l 



A„-i,4 Q"(/.) D-A 
i 

Bn Q^'-{B,) — ^ Bn+i 

'in I 

Q"(9.) D,«.>-1 
i 

Cji Q"(C») — — — *" Cn+i 



9r.+ l 



and a 2-cell Q"-{tp,) G S^((3"(/,) o Q"(g,),0), which satisfy compatibihty 
conditions in Proposition 15 .41 and Proposition l5.5l It is also easy to see by the 
universality of the relative cokernels that 

(£^A„+i)-(A„-l,2°d^+l)-(Q"(/.)°M^,2)-(Q"(/.))l = «2°/n+2)-(/„+2)^ 

Now, since 



1^ 



An 



Bn 



■ Cn 



■0 



is relatively 2-exact in Bn and C„, we have Cok(/„) — [C„,g„, (/3„]. So, from 
Cok(/„) = [C„,g„,(/?„] and Cok(/„_i) = [C„_i, g„_i, (^„_i], by Proposition 
15.101 we obtain 



Cok(g"(/.)) = [Q"(C.),Q"(5.),Q"(<^.) 



i.e. the complex 



Q"U.) 



Q"(9.) 







is relatively 2-exact in Q"{B,), Q"(C,). Dually, we obtain a factorization 
diagram 



A-n 



Z^+\A,) An+l An+2 



B, 



A„+i,2||. |[A„+i,i /„+i J|> 



Y 



Cn 



Z"+i(C.) 



n+2 
C'n+2 
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such that 

= (Cf+1 ° fn+2) ■ (/n+2)/- 

Then, it can be shown that each of the factorizations 

(4 ° A,T|ia) • (Cf ° /n+i) • A„_i,2 : xf, o o z^+, =^ Q-{f,) o ^; 

are compatible with C,f+i and o 2) ' (<?"(/.))/• 




(/.))? 



(:i:iJoA-ji_i)-'(«;?o/„ + i)-A„-i.2 



So, by the universahty of the relative kernel, there exists a unique 2-cell A„ € 
^^{Q'^[U)°x^.Xn o'z"+\f,)) such that 

(A„ o z,f+,) . (x^ox-i,,) ■ o • A„_i^2 = Q"(/.) . 

This A„ also satisfies (g^f oA„)-(77,f oZ"+i(/.))-A„+i 2 = (A«-i,i°a;,f )-(/„o?7,f ) 
(see Remark [6. 17p . Similarly, we obtain a 2-cell k„ S S^((5"(g,) o x'^,x'^ o 
such that 

In the rest, we show the following: 
(6.12) 

(Q"(/.) o^n) • (A„ oZ"+i(5.)) • {xtoZ-+\v,)) ■ {xt)\ = {Q-{^,)ox^) ■ {x^)l 
We have the following equalities: 

(Q"(/.) O O Z^+i) • (A„ O Z"+l(<?.) O Z,';^^!) 

= (Q"(/.) ° Q"(5.) ° • iQ'\f.)oTc-'-i,2) ■ (A,;-i,2 °5«+i) 
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= ° ° e,?) • {Q'\.U)0K-\^2) ■ {K-1,2 ° 9n+l) 

(Zn+ltr^ = i^n ° ^n+l)i"^ ' (s^n ° ° V'rT+l) ' i^n ° A„+l,l O .9n+l) 

• (x^ o o^„+,,,) . {x^ o o z^+i) . iix^)] O 

From these equalities and the faithfulness of we obtain (|6.12p . □ 

Remark 6.17. It can be also shown that A,i in the proof of Lemma l6.16l satisfies 

(in ° A„) • o • A„+i,2 = (A„-i,i o xfj ■ (/„ o rj^). 

By Lemma [6.151 and Lemma [6.161 Theorem l6.13l is reduced to the following 
Proposition: 

Proposition 6.18. Consider the following diagram in S, where {A,,d^,5^) 
is a complex which is relatively 2-exact in A2 and A^, and {B,,d^ ,S^) is a 
complex which is relatively 2-exact in Bi and i?2- 




Assume /, : A» — > i?, is a complex morphism. Then there exist d G 
Si(Ker(/3),Cok(/i)), a e S^H^ od,0) and (3 G S2(dodf,0) such that the 
sequence 
(6.13) 





Ker(/i)— -Ker(/2) 



Keiih) Cok(/i) ^ Cok(/2) Cok(/3) 





is 2-exact in Ker(/2), Ker(/3), Cok(/i), Cok(/2). 

Remark 6.19. This sequence does not necessarily become a complex. Indeed, 
for a relatively exact 2-category S, the following are shown to be equivalent 
by an easy diagrammatic argument: 

(i) Any (|6.13p obtained in Proposition 16.181 becomes a complex. 
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(ii) For any / e S^{A,B 
(6.14) Kevif) 




Cok(/) 



is a complex. 

(Indeed, if (|6.14[) is a complex for each of /i, /2 and f^, then (|6.13[) becomes 
a complex.) 

Thus if S satisfies (ii), then the long cohomology sequence in Theorem l6.13l 
becomes a complex. But this assumption is a bit too strong, since it is not 
satisfied by SCG. This is pointed out by the referee. 

of Provosition [KTS[ Put Kci-{df o f^) ~ [K,k,C]- If we take the kernel of the 
diagram 



(6.15) 



0' 



I 

?o||. d^ofs O 



A. 



h 



■0 



id ''0 

where •= {^2 ° /a) ' (/a)/; then by Proposition 15 . 51 we obtain a diagram 



(6.16) 




which satisfies 



(feoe/3).(fc2)l 

(6 o o /3) . ^0 

(fci ° 6) • (^1 ° d^) ■ 5^ 



(6 o /a) ■ C 

(fci°C)-(fci)l 

[a2ok{h))-k{h)\. 



By Lemma 




if Ker(/3) 

fe2 
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is 2-exact in K. On the other hand, by (the dual of) Proposition EUl 



K- 

k 

A2 



«4 



Ker(/3) 



/3 



■A, 



is a puUback diagram, and fc2 becomes cofaithful since is cofaithful. Thus, 
we have Cok(fci) — [Ker(/3), k2, 0:2] by Lemma [6^ DuaUy, if we put Cok(/i o 
di) ~ [Q, q, p], then we obtain the following diagram 



id 



/i 



I 







/lodf ^';o 
t 



c(/i 



Cok(/i) - 




which satisfies 



Vo = 
P 
ido 



m ■ ifi odf o r/2) • (p o (J2) • (92)7 



<52" - Ko^2)-(^log2)-(c(/i)o/32)-c(/i)», 

and we have Ker(g2) — [Cok(/i), (71, /32]- (The "un-duality" in appearance 
is simply because of the direction of the 2-cells.) Thus, we obtain complex 
morphisms: 



id 



fci 



€1 



Ker(/3 



I \ I 

t t 

fc ^ A2 - /2 ^ B2 

t t 

A3 B3 



c(f-- 



■fcok(/i) 



91 



= (/3) 



/3 



- 9 - 



id 



92 



B. 
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If we put 



c 

ax 



= ko f2oq 

= (Ci o /2 o g) • (Ai o g) • p 

= ikof2on^^).{ko\-').c, 



then, it can be shown that the foUowing diagram is a complex. 






Since Cok(A;i) = [Ker(/3), fe, 02] as already shown, we have a factorization 
diagram 




which satisfies 



(fci o ax) ■ aK = (a2 ° c) • {c)\ 



{aKoq2)-(3Q = (fe o/3q) • (fca)/. 

Similarly, since Ker(g2) = [Cok{fi), qi, P2], we have a factorization diagram 


.4 ' 




which satisfies 



o q2) 



Cok(/i) 



= (c°/32)-(c)« 



(kio Pq)-o:k = (ax °qi) ■ iqi)i- 
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Then, there exist d G Si(Ker(/3), Cok(/i)), at g s^{k2 o d,c) and /Jt e 
{d o qi, c) such that 

{kioa'^)-ai^ = (q!2 o d) • 
(/3to92)./3Q = (do/32). 4 
(^2 o/jt) . a_R- = (a^ogO'^g 

(note that Cok(A:i) = [Ker(/3), /c2i ^2] and Ker((72) = [Cok(/i), gi, /32] (cf. 
Lemma 16.3^ ) : 



Ker(/3) 




Cok(/i) 



Applying (the dual of) Proposition 15 . 81 to the diagram 



Ker(/i) ^ Ker(/2) ^ Ker(/3) 
I 

Hh) a4 k{f2) A2D- Hh) 

Ai—dt^A2 — di^ A3 
I 

t 



0- 



B3 



id 



B3 



we see that there exist k' e Si(Ker(/2), if), G S2(df o k',k{fi) o ki), 
?2 G S2(d^, A:' o fc2) and ^ e S2(fc' o fc, k{f2)) such that 



A2 



(rfi°0-Ai = 



(rff 0^2)- (ei°fc2)-(fc(/i) 0^2) •&(/!)« 

(?2°fc(/3))-(fc'°6)-(e°d^) 

(ei °A;).(fc(/i)oa). 
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Similarly, there exist q' £ {Q , Cok{f2)) , f]'i £ S'^iqi o q',d^ ), ri2 ^ ^^{<l2 
c{fa),q' o ^2 ) and i] G S'^{qo q\ c(/2)) such that 

{Vloq')-{c{fi)ofj[) = {dfor^).\ 

{V2°c{f3)) ■ {qori'2) ■ {f]od2) = A2. 

If we put 

ao (d^ o /3t) . (^^ o c) • {k' oaj,) ■ o f, o q) ■ (e^, o q) • q^ 
then it can be shown that ao • ° do qi =^ is compatible with (32 ■ 



Ker(/: 




So by Lemma [3.191 there exists a G S^(d^ o d, 0) such that 

(a o qi) ■ {qi)\ = ao- 

Dually, if we put 

/5o (at o df ) . (CO ,y;-l) • (^^ o g') • (fc o /2 o r;) • (fc o ^^J • fcf, 

then /3o : k2 o d o is compatible with a2, and there exists /3 G 

S2(do df ,0) such that 

(feo/3)-(fc2)^=/?o. 




In the rest, we show that this is 2-exact in Ker(/2), Ker(/3), Cok(/i), Cok(/2). 
We show only the 2-exactness in Ker(/2) and Ker(/3), since the rest can be 
shown dually. The 2-exactness in Ker(/2) follows immediately from Lemma 
16.61 So, we show the 2-exactness in Ker(/3). Since we have Cok(df ) = 
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^3, ^2 , and Cok(/i o d!^) — [Q, q, p], there exists a factorization {I, wi) 



(6.17) 




such that 



Applying Lemma 16.51 to diagram (|6.17p , we see that the following diagram 
becomes 2-exact in A3: 



(6.18) 



Ker(/2 



-43 



(fc(/2)oroi)-(e/2 0q)-g5 



Then it can be shown that [vji o (72) • (/2 o 772 ^) : o i o q2 => /2 ° is 
compatible with 62 and (Ai odf ) • (/i odf ) ■ (/i)/. So, comparing the following 
two factorizations 

(roiog2)-(/2 0?j^^) 





(AiO<iB).(/io5f).(/i)J 



£oq2 



0^ 

(Aiod«).(/io5f).(/i)5 

we see there exists a unique 2-cell ti72 G S'^{£ o q2, f^) such that 

(d^ o n72) ■ A2 = (nji o 92) • (/2 o r/2"^). 
Then it can be shown that each of the two factorizations 

(1) {a^ o qi) ■ : k2 o do qi =^ c 

(2) (6 o ^) . (fc o tui) : k2 o fc(/3) oi^kof2oq = c 
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is compatible with a2 and ax- 

(atoqi)-/3 




({2 0^)-(feoroi) 

Ker(/3) 



K // Hh)oe 




Q 0^ ^0 

So there exists a unique 2-cen G S'^((i o q^, ^(/s) o ^) such that 
(fc2 o tus) ■ (^2 o ^) • (fc o uji) = (a^ o qi) ■ 

(recall that Cok(fci) — [Ker(/3), fc2, 02]). Then we have {ru^ o ^2) • (^(/a) o 
^2) •£/3 = (do/32) -d^- 



(6.19) 



Ker(/3) Cok(A) 

t t 




/3 raaJJ, 92 



id 



By taking kernels of d,£ and idsg in (|6.19p . we obtain the following diagram. 



Ker(d) L^Kcr(/3) 

I 

Hh) SaJJ, fe(/3) 

Ker(^)^^i3^.- 

t 

^ -^3 = 



■ Cok(/i) 

— g 



id 



S3 



Since Ker(0 : Ker(^) — > 0) = Ker(d) by (the dual of) Proposition O so 
^(/s) becomes an equivalence. On the other hand, the following is a complex 
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morphism, where s := fc(/2) o df. 



(6.20) 



Ker(/2) ^ Ker(/; 



id 



Ker(/2) 



Cok(/i) 




(fc(/2)oroi)-(e/2 0g)-q5 

Thus by taking kernels of d and £ in diagram (|6.20p , we obtain the following 
factorization by (the dual of) Proposition [5?H1 



Kcr(/2) Kcr(d) — Ker(/3) 




1^ jMM ^3 

Ker(^) 

4 



■A. 



Since (|6.18p is 2-exact in A^, so s becomes fully cofaithful. Since fc(/3) is an 
equivalence, this means (c?^)^ is fully cofaithful, and 



Ker(/2) 

becomes 2-exact in Ker(/3 



it 



Ker(/3) 



■ Cok(/i) 



□ 
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